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£¥¤8¦¨§2©
ª@«�¬®¯¬®¯¬±° ²¥³µ´I¶6·8¸¹´8³IºI»C¼½´2¾¿¸ÁÀÃÂ8¶VÄ�Å2ÆC´µ¼�¼Ç¸ÁÀ@ÂÈ¶�ÉEÊËÆÇÌ8¶

X Í¿Î ³¿´®¸.Ï)³¿´�¼ÑÐ�À Í ³8ÂV»CÒ8³�ÌÔÓÕÌa»Ë¾TÌ2¸ É Í¿Î4Ö ³]»Ë¾TÌÌ®×2Ì Î Ì
ØIÙEÚ ¸4´�ÀÃÛ®Ü ÍVÝÞÍ Ò2ÅCÌ8¶V»Ë¾TÌ8¸ É Í�Î4Ö ³ x, y ∈ X

ÌÞÆ ÎßÝ Ì�º�¼ Í ¾TÌQÛ®ÜTÆ}Ì2¸ »C¼�Û�¾TÌµº@¶ x + y ∈ X
Ù

à0ÙEÚ ¸4´$À@Û®Ü Í »Ë¾TÌ2¸ É Í¿Î Ì x ∈ X
ÀÃ´®¸áÅC¸¹´$ÀÃÛ®Ü ÍVâ ´®Ü®¼ Ö ¾¿Â!¼ãÏ)Å Í Ü®Ì8¶ α Í ³8ÂÈ¶�»CÊã¼½´2¾gÌÈ¶ K ä ÌåÆ ÎßÝ Ìµº)¼ Í ¾gÌÅC¸4³8Â¿¼ Í ³�Ì αx ∈ X

Ù,æÁç ×åÆÕÛÈè@Ð�´®º@¾2Ä'Ì)³µÌ¿¼�Û ÝÞÍ ¾g´®¸ â ´®Ü®¼ Ö ¾¿ÂÈ¶�×2ÌÔÓ®Ó@´8×gÓ@´®»C¸¹´®»Õ¼ãÂÈ¶ Ù é
ê@Ù]ë ¸½·2Ò®Ì]´ÈºÃ¾¿ÏT¶]×åÆÕÛÈè Í ¸:¶,´IÀÃÌÔÓÕÌµºIÜ®Ì8Ò8³ì¾¿¸:¶]×2´TÆÕ´IÀ@Û8¾ Ö ¸4·2¸4Â)¾)Ð.¾ Í ¶�í

(i) ∀x, y ∈ X
í
x + y = y + x

Ù
(ii) ∀x, y, z ∈ X

í
x + (y + z) = (x + y) + z

Ù
(iii) î ×2ÛTÆïÉ Í ¸}Ï�³µ´Q»Ë¾gÌ8¸ É Í¿Î Ì�¾gÌ�º X ä ×2Ì�ºQ»½º)¼ â ÌÔÓ ÎßÝ Ì�º�¼ Í ¼ Í 0 ä ¾¿Ï�¾gÌ8¸ Ì=Ê
»Ë¾ Í x + 0 = x ä ∀x ∈ X

Ù
(iv) ∀x ∈ X

º?×2ÛTÆ�É Í ¸IÏ)³¿´¥»Ë¾TÌ2¸ É Í¿Î ÌV¾TÌ�º X ä ×2Ìµº,»½º)¼ â ÌÔÓ Î4Ý Ì�º)¼ Í ¼ Í −x ä ¾µÏµ¾TÌ8¸ Ì6Ê
»Ë¾ Í x+(−x) = 0
Ù

(v) α(βx) = (αβ)x ä ∀α, β ∈ K ä x ∈ X
Ù

(vi) 1x = x ä ∀x ∈ X
Ù

(vii) (α + β)x = αx + βx ä ∀α, β ∈ K ä x ∈ X
Ù

(viii) α (x + y) = αx + αy ä ∀α ∈ K ä x, y ∈ X
Ù

æÁð Ï¿¼ Í Â)¾¿¸ñ¾gÌ X Í¿Î ³¿´®¸NÏ�³µ´I¶�·8¸¹´È³Iº®»Õ¼Ë´2¾µ¸ÁÀ@ÂÈ¶�Ä!Å2ÆÕ´µ¼ã¼Ç¸ÁÀÃÂ8¶áÉEÊËÆ}ÌÈ¶ Í × Î ¾gÌ�º'»CÊã¼½´2¾gÌÈ¶ K
Ù�ò ³�¾gÌ

K = Ræ ´8³®¾¿¸ »Ë¾ Ù
K = C

é ÓÕÏ�¼ Í Â)¾¿¸ÕÌ X Í¿Î ³µ´®¸ÕÏ)³¿´I¶�×åÆÕ´¿ÅI¼½´2¾¿¸ÁÀÃÂ8¶ æ ´8³®¾µ¸ »½¾ Ù ¼Ç¸ Å0´®·8¸ÁÀ@ÂÈ¶ é ·2¸4´8³IºI»C¼½´2¾¿¸ÁÀÃÂ8¶ÑÉEÊËÆÇÌ8¶ Ù é

ó



ô$õ�öÇõã÷½ø½ù4úfûüõãý0õ ÷Çþÿõ������ û õNý�þ����	��
��]ö�����
ó����������������� �!#"%$&�'�(��$*)�+&"-, .0/1�	"32�4�5��1$&�&.0/���!*,768���	+&,9�&2�:� 0/���!*,768���	;8<�$*��:�"-= 2���,�!%�

R
�?>@$&�(AB�&2&<�5�!%�

)&CD$&�8,  0/��E+&���E�1$&�&.0/���!*,F6(<�2G"-= 2���,��1$&�&.0/���!*,7684�5�HI6���,JHKAD:� 0,F6�)8HI68��,8!%�E.D, 2�4�/�"32��L+&���E�1$&�&.0/���!*,F6(<�2
"-= 2���,D�1$&�&.0/���!*,F6�4�5��NMO�(=  IP�5�HQ��,R,9+&,94�!SP�!#"%5

(i)T (viii)
,  K;I����:&2L68��!#)E�1$&��AD�&2�UL!#$&4(�1�0��V WX/�"% K�EY1��Z\[

�1��:�/�"@4�!*,068��,I!%�] K�&2������
C
!_^�2E/1, .0��+&,F6(<�2G��$�, CD/�<�2E"-= 2���,IZ32���5X.0$&��/�/1,F6�4�5@;8<�$*��5��

`8�����a K�&2������
Kn b 41�1��: K = R

U
K = C c �1��:dZ%;I"-,e^�5f �!_�8, ;I"-=9�g!&, 5h+&,9��!#"_!_�&.0/1Z\2�"%5 n

[i)�+*"%5
(a1, a2, . . . , an)

H
ai ∈ K

HK"-= 2���,IZ32���5j.0$&��/�/1,F6�4�5�;8<�$&�(5@"_�(=0!_��:
K
�

k8�����l K�&2������
C[a, b]

4���^�2�!_^�2� K:&2�"%;8<�2m�($*�&.0/���!&,76�<�2� K:&2���$*!SU� K"_^�2��en�P�����+*U
C[a, b] = {f : f : [a, b] → R

 K:&2�"%;8U�5 }.
>@$*)&.0/1��!*, . �&2 f, g ∈ C[a, b]

68��,
α ∈ R

H��($�=9o&��:�/�" ∀x ∈ [a, b] p (f + g)(x) = f(x) + g(x)68��,
(αf)(x) = α f(x)

�rqN2���/�)�o*��:�/�"s/�P�+&"32�,F6(Ut K:&2�)�$#!SP� KPu��:�!SUu�1�(:t/�P�+&"32�=vo*"_!%��,�!%��:�!%��!*,768)
 �!_�

[a, b]
HN6���,���$�=9o&�(:�/1"

(−f)(x) = −f(x)
H ∀x ∈ [a, b]

�w��4�!#"h��,�,9+&,94�!SP�!#"%5
(i) T (viii)

!_��:
q@$�,  K/���� ó��¯ó��¯ó��1$&�168����!%�(:&2G)�/�"% K�8�

£¥¤8¦¨§2©
ª@«�¬®¯¬®Fx ° ²¥³µ´=¼
Ð�À Í ³ÈÂ=ºÃ×2Ì8»CÒ8³�ÌÔÓÕÌ V Í ³8Â8¶�Å2ÆC´µ¼�¼Ç¸ÁÀÃÌ2ÒEÉEÊËÆ}Ì�º X
Ü®´`ÓÕÏ)Å Í ¾g´®¸ æ Å)ÆÕ´µ¼ã¼Ç¸ÁÀÃÂÈ¶ é º?×2ÂSyÉ Ö ÆÇÌ8¶�¾TÌµº X ä ´È³ ∀x, y ∈ X

ÀÃ´®¸
α ∈ K

¸ »)É6Ò Í ¸ x + y ∈ V
À@´®¸

αx ∈ V
Ù

WX�14t!_��2dq@$�,  0/�4 ó��¯ó��F`d"-= 2���,e�($*��AD�&2�Z%5z4�!*,O6�)&CD"l.0$&��/�/1,F6�4�5s:��14�;8^�$&�(5{"%= 2���,�.0$&��/�/1,7684�5s;8<�$*��5��
>X$&��AD�&2�<�5�!%�{/�P�+&"32�,F6�4s �!_�8, ;I"%= �h�&2&U�68"-,R K"|6�)&CD"|:��14�;8^�$&�s!_��:

X
�����f K�&2������ {0} "-= 2���,R:��14�;8^�$&�(5b �L!*"3!*$&,9/�/�Z32���5 c �eM��(=  KP�5�HKPG!_��/�UE�(�1�8,7^�2�+#U��1��!#"@:��1��;8<�$#^�2m!_��: X
"-= 2���,K:��14�;8^�$*��5@!%�(:

X
�ô$õ�öQ}ã÷½ø½þ¯úEû õO� ���{:��1�� K�&2������s!_��:

R
3 �1�(:z���1��!#"_��"%= !%��,����(4f!%�s+&,9�&2��� K/1��!_� (x, y, 0)

"-= 2���,RZ32���5|:��(4�[
;8^�$*��5��l~�"_^�/�"_!#$&,F6�)8H�/��1��$&�(��/�"|2��s�1����/�"G4�!*,?!%�g"_�(=F�("_+&�h!3^�2

x, y
"-= 2���,�Z32���5E:��14�;8^�$&�(5E!_��:s!#$�,F+�,F)*[

 �!%��!_��:{;8<�$&��:8�LM��(=  KP�5�H?68)&CD"�"%:&CD"-=9�s�(�(:s+�,FZ%$&;I"3!%��,����14h!SP�2f��$*;8Us!_^�2{���*4�2&^�2z���1��!#"_��"-=�:��(4�;8^�$*�D�
V q@/�^�5m/1,F�l"%:&CD"-=9�L�1�(:l+&"\2E+�,FZ%$&;I"3!%��,R���14s!#P�2L��$*;8U]!3^�2]���&4�2�^�2E+*"32E���1��!#"_��"-=R:��14�;8^�$&� b "_�1"-,F+*UL68)&CD":��14�;8^�$&�(5@�1$&Z_�1"-,82��m�1"%$&,9Z_;I"-,0!_�l/�P�+&"32�,F6�4]+&,9)&2�:� K/1� c �£¥¤8¦¨§2©
ª@«�¬®¯¬®F���X¸¹´%×2´TÆÕÛ®»Ë¾T´®»½Ð¢¾)Ð?¶ ¼ÇÌåÆD�}Ä?¶

α1x1 + α2x2 + · · · + αnxn ä αi ∈ K ä xi ∈ X ä i =

1, 2, . . . , n ä ÓÕÏ)Å Í ¾g´®¸�Å)ÆÕ´µ¼�¼Ç¸ÁÀ@ÂÈ¶V»½ºÈ³8·2º®´®»Õ¼ãÂÈ¶�¾ Ö ³ x1, x2, . . . , xn
Ù

£¥¤8¦¨§2©
ª@«�¬®¯¬® � ° ²¥³µ´�»ÕÒ8³µÌÔÓÕÌ�»Ë¾TÌ2¸ É Í¿Î4Ö ³ {x1, x2, . . . , xn}
Ü®´]ÓÕÏ)Å Í ¾T´®¸ñÅ2ÆC´µ¼�¼Ç¸ÁÀÃÛ Í èg´TÆ½¾)ÐÃ¼�Ï�³�Ì�´8³ º?×2ÛTÆ8yÉNÌ�ºÈ³ â ´®Ü®¼ Ö ¾µÛ¥¼ Í Å0Ï¿ÜÃÐ α1, α2, . . . , αn ∈ K ä Â¨Éf¸ÈÂÔÓ@´`¼
ÐÃ·2Ï)³ ä ¾¿Ï�¾gÌ8¸¹´`Ê
»Ë¾ Í α1x1+α2x2+· · ·+αnxn = 0

Ù° ²¥³¿´ì»ÕÒ8³µÌÔÓÕÌ�×2Ì�ºì· Í ³ Í¿Î ³¿´®¸ÇÅ)ÆÕ´µ¼ã¼Ç¸ÁÀÃÛ Í èg´TÆË¾)ÐÃ¼�Ï)³µÌ6ÓÕÏ)Å Í ¾T´®¸ÇÅ2ÆC´µ¼�¼Ç¸ÁÀÃÛ=´È³ Í è8ÛTÆ½¾)Ð.¾TÌ Ù
q�q@$�,  K/�4�5`ó��¯ó�� ��/��1��$&"%=#2��j�&2���+&,9��!#:���^�CD"-=&^�5�"%�#U�5 p V M�2��N K�&2������� �!_�8, ;I"-=F^�2N"32�4(5e.0$*��/�/(,768�(�N;8<�$*��: X"-= 2���,%.0$&��/�/1,F6�)N"_�&��$*!SP�/�Z32��N"%)&2�68��,*/�4�2���2��&2�Z32��j���14@��:�!#)�/��1��$&"%=#2���.0$*��AB"-=S^�5e.0$*��/�/(,7684(5� 0:&2�+&:��� K/�4�5

`



!3^�2L:��(������=9��^�28��>@��$&��!SP�$#U� �!#"�4�!*,D!%�s/�P�+&"\2�,7684l �!%��, ;I"-= �f"-= 2���,8.0$&��/�/1,F6�4�5' 0:&2�+&:��� K/�4�5	�(�1��, ��:�+#U��(��!#"
+*"%+&�(/1Z\2���:X 0:&2�4�����:	 �!%�8, ;I"-=9^�2 b �1)�$&"�4�����!_� αi = 0

 �!%��2'q@$&,  K/�4'ó��¯ó��Fk c H8"_�1��/�Z32&^�5�68)&CD"� K�&2������m�1��:�1"%$&,9Z%;I"%,K!_�z/�P�+&"32�,F6�4L �!%��, ;I"-= �z"%= 2���,�.0$*��/1/1,768)G"%�*��$*!SP�/�Z32��0�
£¥¤8¦¨§2©
ª@«�¬®¯¬®F� ° ²¥³µ´�»CÒ8³�ÌÔÓÕÌì»Ë¾TÌ2¸ É Í¿Î4Ö ³ Í ³8ÂÈ¶]Å)ÆÕ´µ¼�¼Ç¸ÁÀ@Ì8Ò6ÉEÊËÆ}Ì�ºaÓÕÏ�Å Í ¾g´®¸ â Û®»}Ð ¾TÌµº Å2ÆC´µ¼�¼Ç¸ÁÀÃÌ2Ò6ÉEÊËÆÇÌµº´8³,¾T´a»Ë¾gÌ8¸ É Í¿Î ´�´ÈºÃ¾¿Û Í¿Î ³¿´®¸?Å2ÆÕ´µ¼ã¼Ç¸ÁÀÃÛ,´8³ Í èÈÛTÆË¾)Ð.¾T´aÀ@´®¸ ä½Í ×®¸¯×gÓÕÏ¿Ì�³ ä ×2´TÆÕÛ¿ÅCÌ�º8³�¾gÌ�ÉEÊËÆ}Ì æ ·IÐ�Ó Ù À@Û®Ü Í »Ë¾gÌ8¸ É Í¿Î Ì¾gÌ�º'Å)ÆÕ´µ¼�¼Ç¸ÁÀ@Ì8ÒfÉEÊËÆ}Ì�ºQ¼ã×2ÌÞÆ Í¿Î ³µ´�Å)ÆÕ´�� Í¿ÎÕÖ ¶�Å)ÆÕ´µ¼ã¼Ç¸ÁÀÃÂÈ¶¥»}º8³È·2º®´®»C¼�ÂÈ¶,»Ë¾gÌ8¸ É Í¿Î¹Ö ³�¾2Ð?¶ â Û®»½Ð?¶ é2Ù
£¥¤8¦¨§2©
ª@«�¬®¯¬®F� ° ²¥³µ´ì»CÒ8³�ÌÔÓÕÌ {x1, x2, . . . , xn}

ÓÕÏ)Å Í ¾T´®¸Ç× Í × Í ÆÕ´®»C¼ãÏ)³IÐ â Û®»½Ð Í ³8ÂÈ¶�Å)ÆÕ´µ¼�¼Ç¸ÁÀ@Ì8ÒfÉEÊËÆ}Ì�º X´8³ Í�Î ³¿´®¸üÅ)ÆÕ´µ¼�¼Ç¸ÁÀ@Û ´È³ Í è8ÛTÆ½¾)Ð.¾TÌ À@´®¸ü×2´TÆÕÛ¿Å Í ¸Ñ¾TÌ�ÉEÊËÆÇÌ X
Ùt� ´ìÓÕÏ¿¼ Í Â)¾¿¸ñÏ)³¿´I¶�Å2ÆÕ´µ¼ã¼Ç¸ÁÀÃÂ8¶`ÉEÊËÆ}ÌÈ¶ìÏ¯É Í ¸·2¸4Û®»Ë¾T´®»½Ð

n
´8³=Ï¯É Í ¸½¼Ç¸¹´'× Í × Í ÆÕ´®»C¼�Ï�³@Ð â Û®»½Ð�×2Ìµº�´8×2Ì)¾ Í Ó Í¿Î ¾g´®¸Ë´8×2Â n

»Ë¾gÌ8¸ É Í¿Î ´ Ù
ô$õ�öÇõNý0�ãöB�?�áø½þ����
ó����	)&CD"@:��14�;8^�$&��5�"\2�4�5j.0$&��/�/1,F6����G;8<�$&�(:�+�,F)� �!%�� IP�5

n
CD���($*Z_�1"-,82��GZ%;I"-,K+�,F)� �!%�� IP

5 n
�

`8��WN2jZ32���5�.0$*��/�/(,7684(5�;8<�$*��5�Z%;I"-,�+&,9)� �!%�� IP
n
H�!#4�!*"��1�(��,9��+#U��1��!#"

n+1
 �!_�8, ;I"-=9�N!_��:X"%= 2���,-.0$&��/�/1,F6�)

"%�&��$#!SP�/1Z\2��8��M��(=  IP�5�HD+*"32m:��()�$*;I��:&2
n − 1

 �!%�8, ;I"-=v�G!%�(:��1��:G���1��!*"3�����&2	Y()� KPI�
ô$õ�öÇõã÷½ø½ù4úfûüõãý0õO�
ó��j��!%��2

R
n !%� n

+&,9�&2��� K/1��!_�
(1, 0, . . . , 0)

H
(0, 1, . . . , 0), . . . , (0, 0, . . . , 1)

"-= 2���,&.0$&��/�/1,768)��&2�"_�&)�$*!SP&[
!%� b ú¥þ õNý�ù�� c 6���,����1��!#"_�����&2�Y()� IPI��WX:�!*4	 IP�/���= 2�"-,�4�!*,�68)&CD"� �!_�8, ;I"-= �	!%�(: R

n /��1�($&"-=&2��j.0$&��AB"%=&^�5.0$&��/�/1,F6�4�5e K:&2�+*:��� K/14(5�!_^�2�+�,F�&2�:� K/�)�!_^�2���:�!S<�28��>X$&)&.0/���!*, . (x1, x2, . . . , xn) = x1(1, 0, . . . , 0)+

· · · + xn(0, 0, . . . , 1)
��M��(�(/�Z32�^�5��

R
n "-= 2���,IZ32���5X.0$*��/�/(,7684(5�;8<�$&�(5@+�,F)� �!_�� IP�5 n

�
`8��W@5�CD"_^�$*U� K�(:�/1"�!_��;8<�$&�

Pn
!_^�2@�(����:�^�2���/�^�2XY(�&CD/1�(�

5 n
�?MO��68�����	/��(�($&�(��/1"O2��	+&�(��/1"�4�!*,���,

 K:&2���$*!SU� K"-, 5 b /���2�<�2�:�/�� c 1, x, x2, . . . , xn "-= 2���,D.0$&��/�/1,768)s�&2�"_�&)�$*!SP�!#"%5 b }��O���?��� c 6���,JH�AD:� D,768)8H�1��$&)&.0��:&2|!%�l;8<�$&�
Pn
��V W@$*���

Pn
Z%;I"-,K+�,F)� �!%�� IP

n + 1
�

k8��W@5XCD"_^�$#U� 0�(:�/�"X!%�];8<�$&�l4���^�2m!_^�2m�(����:�^�2���/�^�28�Oqw;8<�$&�(5@��:�!#4�5�"-= 2���,I�($*��AD�&2�<�5XZ\2���5X.0$&��/&[
/1,F6�4�5j;8<�$&��5���nG"32	/��1��$&"%=�4�/�^�5�2��'Z%;I"-,�+&,9)� �!%�� IP

n
H1.D,F�m�1�(��, ��+#U��1��!#"�AD:� D,7684

n
H(��AB�(��!%�

n+1�1����:�<�2�:�/��
x0, x1, x2, . . . , xn "-= 2���,�.0$*��/�/(,76�<�5��&2�"%�&)�$#!#P�!_�8H(6���,( �!SP�2��1$&�(P�.0�(��/�"32�P��1��$&��!SU�$#P� KP"-=v+*��/�"�4�!&,1+&"32@"-= 2���,1+*:&2���!#4�2@ K"�Z32��@.0$&��/�/1,F6�4m;8<�$&�|+�,F)� �!_�� IP�5

n
2���:��()�$*;I��:&2

n+1
.0$&��/�/1,F6(<�5

�&2�"%�*)�$*!SP�!%�l �!_�8, ;I"-=9�z!%�(:8�'V W@$*�l�{;8<�$&�(5�4���^�2L!_^�2z�1����:�^�2���/�^�2l"-= 2���,QZ32���5	.0$&��/�/1,F6�4�5�;8<�$*��5
)��1"-,9$#P�5�+�,F)� �!_�� IP�5��

�K�jq�;8<�$*��5	!_^�2] K:&2�"%;8<�2L K:&2���$#!SU� 0"3^�2
C[a, b]

"-= 2���,BZ32���5';8<�$&�(5|)��1"-,F$*P�5|+�,F)� �!_�� IP�5�� b W@$#68"-=02���1��$&��!SP�$*U� K��:�/�"@4�!*,I�l;8<�$*��5X4���^�2m!_^�2|�1����:�^�2���/�^�2G"-= 2���,IZ32���5@:��14�;8^�$&��5X)��("%,9$#P�5@+�,F)� �!_�� IP�5�� c
k



��!_�� IP�/�"-= �d��:�!#4g�����(6(��P�$*<�2��(:�/�"�!#P� K�&2�!%�(/�P��&2���6�"%AB������=F^� IP{!3^�2h���(��!#"_��"% K/�)�!_^�2{!SP�5L.0$*��/�/(,76�U�5
)���.0"\Y($*��5s�(�(:�CB��;I$&"%,9�� �!%�(��/1"s �!SPt K:&2�Z%;I"-,F�8H�68��,eCB�d�1$&��;8^�$#U� 0�(:�/�"s �!SP�2dZ32*2���,9��!3^�2�;8<�$*^�2d/�"
2�4�$&/��8�
�]�3� � � ���'�!�z� �������'� ¡

Normed spaces � �
£¥¤8¦¨§2©
ª@«�¬®Fx.¯¬±° ²f»Ë¾ Ö X

Ï�³µ´I¶�Å)ÆÕ´µ¼ã¼Ç¸ÁÀÃÂÈ¶�ÉfÊËÆ}Ì8¶ Í × Î½Í ³ÈÂ8¶V»0Ê�¼Ë´2¾TÌÈ¶ K
Ù �d¸4´ì´8× Í ¸ÁÀ@Â)³8¸ »½Ð

‖ · ‖ : X → R, x 7→ ‖x‖
Ì)³µÌ¿¼�Û ÝÞÍ ¾T´®¸�³8ÂåÆÕ¼½´ ä ´È³=¸ »)ÉfÒ®Ì�º8³ìÌ2¸Ë´IÀ@ÂÔÓÕÌ�ºIÜ Í ¶,¸¹·8¸¹Â)¾)Ð.¾ Í ¶�í

(i) ‖x‖ = 0 ∀x ∈ X
ÀÃ´®¸ ‖x‖ = 0 ⇒ x = 0

Ù
(ii) ‖αx‖ = |α| ‖x‖ ä ∀x ∈ X

ÀÃ´®¸
α ∈ K

Ù
(iii) ‖x + y‖ 5 ‖x‖ + ‖y‖ ä ∀x, y ∈ X

ÙVæ�� Æ}¸ Å Ö ³8¸ÁÀ0Ä�´8³8¸ »CÂ)¾2Ð.¾g´ é
ô$õ�öÇõNý0�ãöB�?�O�O� WN2

X
"-= 2���,IZ32���5X.0$&��/�/1,F6�4�5@;8<�$*��5�/�"N2�4($&/��8H8!#4�!#" ∀x, y ∈ X

,  K;I��"-,
∣∣∣‖x‖ − ‖y‖

∣∣∣ 5 ‖x − y‖.
ò ×2Â8· Í ¸¹èIÐ Ù�V MO �!_^ x, y ∈ X

����4�!#" ‖x‖ = ‖(x − y) + y‖ 5 ‖x − y‖ + ‖y‖ ⇒ ‖x‖ − ‖y‖ 5 ‖x − y‖ �q@/��8=F^�5�+&"-= ;�2���:�/�"j4�!*, ‖y‖ − ‖x‖ 5 ‖x − y‖ HK�(�14�!#"X�1$&�168����!#"-,K!_�lo#P�!%����/�"32��D� �>@$&, 2�+&�(��/1"���$�,  0/�Z32����(��$*��+&"-= .0/���!_�j;8<�$#^�2�/�"�2�4($&/���CD�j���1�(+&"-=9�&��:�/�"?��$�,  0/�Z32���Y(�(P�C0P�!*,F6�)N���1��!#"_��Z\[
 K/���!%�E�1��:|CD�E;I$*P� 0,F/1�1�1�8,7U� 0�(:�/�"@ �!SPL K:&2�Z%;I"%,9�8�
 O¡ ©Ñ©�¢ ¬®Fx.¯¬E£¥¤N¦@¦¨§8ª8§ ¡ §S¢

Cauchy-Schwarz ¨ ò ³ x1, x2, . . . , xn ∈ C
ÀÃ´®¸

y1, y2, . . . , yn ∈ C ä ¾¿Â)¾ Í
∣∣∣∣∣

n∑

i=1

xi yi

∣∣∣∣∣

2

5

(
n∑

i=1

|xi|2
)(

n∑

i=1

|yi|2
)

, b ó��¯ó c
æ Â®×2Ì�ºQ¼ Í z

»½º)¼ â ÌÔÓ ÎßÝ Ìµº)¼ Í ¾TÌQ»½º Ý º8Å½Ä ¾gÌ�º�¼Ç¸ ÅC´®·2¸ÁÀÃÌ2Òì´TÆÇ¸:Ü®¼ÇÌ2Ò z
Ù é

ò ×2Â8· Í ¸¹èIÐ Ù�~?,9�G68)&CD" α ∈ C
Z%;I�(:�/1"X4�!*,
n∑

i=1

(xi − αyi)(xi − αyi) = 0

⇒
n∑

i=1

|xi|2 − α

n∑

i=1

xi yi − α

n∑

i=1

xi yi + |α|2
n∑

i=1

|yi|2 = 0 b ó��F` c
Wj2 ∑n

i=1 |yi|2 = 0
HI!*4�!#"

yi = 0
H ∀i = 1, 2, . . . , n

HI68��,I!%�l��U�/�/��L,  K;I��"-,0�1$&�(AB�&2&<�5��
Wj2 ∑n

i=1 |yi|2 6= 0
He!#4�!*"GCDZ_!%�(:�/�"] �!SP� K;IZ% IP b ó��F` c α = (

∑n
i=1 xi yi)/(

∑n
i=1 |yi|2)

68��, b /�"_!#)����14/�"%$&,F6�Z%5X�1$&)��*"-, 5�HK�1��:���A0U�2���2�!_��,I.D,F�G!%��2��&2��&.I2�<� �!SP c 68��!%����U�.0�(:�/�"@ �!SP�2��&2�,  K4�!SP�!%� b ó��¯ó c � �

�



 O¡ ©Ñ©�¢ ¬®Fx.Fxs£¥¤N¦@¦¨§8ª8§ ¡ §S¢
Cauchy-Schwarz ¨ æ Å0¸4´�ÌÔÓÕÌÈÀµÓ}Ð¿ÆCÊã¼½´2¾T´ é

∣∣∣∣
∫ b

a
f(x)g(x) dx

∣∣∣∣
2

5

(∫ b

a
|f(x)|2 dx

)(∫ b

a
|g(x)|2 dx

)
,Â®×2Ì�ºQÌ8¸Õ»}º8³µ´TÆË¾2ÄÃ» Í ¸:¶ f

ÀÃ´®¸
g Í¿Î ³µ´®¸½¾¿Ï�¾TÌ2¸ Í ¶,Ê
»Ë¾ Í ³¿´ìÌÞÆ Î4Ý Ì)³®¾T´®¸Ë¾T´�ÌÔÓÕÌ8À�Ó}Ð¿ÆCÊã¼½´2¾g´ Ù

ò ×2Â8· Í ¸¹èIÐ Ù�WN2�)����&.KPG��:�!SU�5@!%��:G©�U�/1/���!_��5ìó��F`8�¯ó�� �

 O¡ ©Ñ©�¢ ¬®Fx.F�s£¥¤N¦@¦¨§8ª8§ ¡ §S¢h§IªIª
Young ¨ ° ²6»Ë¾ Ö ´TÆ}¸:Ü®¼ÇÌ Î p À@´®¸ q ¾µÏµ¾TÌ8¸ Ì8¸®Ê
»Ë¾ Í 1 < p < ∞ ä 1 < q < ∞À@´®¸ 1

p+ 1
q = 1

Ùfæ¬« ºIÌ6¾¿Ï�¾gÌ8¸ Ì2¸È´TÆ}¸:Ü®¼ÇÌ Î ÓÕÏ)ÅCÌ)³®¾g´®¸È»½º Ý º8Å Í¿Î ¶ Í ÀÃÜ®Ïµ¾ Í ¶ Ù é�� Â)¾ Í ÅC¸¹´`ÀÃÛ®Ü Í ×åÆC´µÅ®¼½´2¾¿¸ÁÀÃÌ8ÒI¶ a, b = 0¸ »)ÉfÒ Í ¸
ab 5

ap

p
+

bq

q
.æÁÚ ¸¹´

p = q = 2 Í¿Î ³µ´®¸}Ð Å?³ Ö »½¾)Ä'´8³È¸ »ÕÂ)¾)Ð.¾g´�´TÆ}¸:Ü®¼ÑÐ.¾µ¸ÁÀ@Ì8Ò*yÞÅ Í�Ö ¼ Í ¾ Æ}¸ÁÀÃÌ8Ò]¼�Ïg»?ÌµºÃí ab 5 1
2(a2 + b2)

Ù é
ò ×2Â8· Í ¸¹èIÐ Ù�~�"_^�/�"_!#$�,768)8H���5lCD"_^�$*U� K�(:�/1"L!SP�.0$&��AR,76�U��(��$*)� �!_�� IPg!#P�5z6���/��(����P�5 y = xp−1 b U x =

y1/(p−1) c H�Y1�I�O��;8U�/1� ó��¯ó��

y = x p−1

E 1

E 2

x

y

b

a0

��;8U�/�� ó��¯ó p
��4�!#"

E1 =
∫ a
0 xp−1dx = ap

p

68��,
E2 =

∫ b
0 y1/(p−1)dy =

[
y
1+ 1

p−1

1+ 1

p−1

]b

0

= b
p

p−1

p

p−1

�
V q@/�^�5 1

q = 1 − 1
p ⇒ q = p

p−1

HK�(�14�!#"
E2 = bq

q

�
>@$*��AD�&2�<�5

ab 5 E1 + E2 ⇒ ab 5 ap

p + bq

q

�
b¥ �1"%$�=F�1!3^� IP{!SP�5E,  K4�!SP�!%��5G�1$&�168����!#"-,�6���,R�()��1,�"%��68�����l���(4f!SPz.0$&��AB,F6(Uz�1��$&)� �!%�� IPs!SP�5

y = xp−1 H��AD���|CD�G�1$&Z_�1"-,
b = ap−1 = ap/q ⇒ ap = bq � c �

 O¡ ©Ñ©�¢ ¬®Fx. �{£¥¤N¦@¦¨§8ª8§ ¡ §S¢h§IªIª
Hölder ¨ æ ÅC¸¹´�´®ÜTÆ}Ì Î »Õ¼Ë´2¾T´ é2Ù ° ²f»½¾ Ö 1 < p < ∞ ÀÃ´®¸

1 < q < ∞ ä¾¿Ï�¾gÌ8¸¹´�Ê
»Ë¾ Í 1
p + 1

q = 1
Ù@� Â)¾ Í ÅC¸¹´�ÀÃÛ®Ü Í x1, x2, . . . , xn ∈ C

ÀÃ´®¸
y1, y2, . . . , yn ∈ C ä Ï¯ÉNÌ�º)¼ Í

n∑

i=1

|xi yi| 5

(
n∑

i=1

|xi|p
)1/p( n∑

i=1

|yi|q
)1/q

.

®



æJ¯ ´TÆÕ´2¾)Ð¿Æ}ÄÃ»Ë¾ Í Â)¾¿¸}ÅC¸¹´ p = q = 2 Í¿Î ³µ´®¸}Ð�´8³È¸ »ÕÂ)¾)Ð.¾g´ Cauchy-Schwarz
Ù é

ò ×2Â8· Í ¸¹èIÐ ÙOV MO �!3^ A := (
∑n

i=1 |xi|p)1/p 6���, B := (
∑n

i=1 |yi|q)1/q ��°��1��$*����/�"N2��E:��1�1CDZ% K�(:�/1"	4�!*, A6���,
B 6= 0 b .D,F��!*=¬± c 6���,B2��l"_AB��$&/�4( 0�(:�/�"'!SP�2l�&2�,  K4�!SP�!%�s!%�(: Young

.D,9�z!_��:�5���$&, CD/1�(��5 |xi|
A

6���, |yi|
B

�
��4�!#"@Z%;I�(:�/1"

|xi yi|
AB

5
|xi|p
pAp

+
|yi|q
q Bq

.

WjCB$*�8=9o&��2�!_��5j.D,F�
i = 1, . . . , n

HKZ%;I��:�/�"
1

AB

n∑

i=1

|xi yi| 5
1

pAp

n∑

i=1

|xi|p +
1

q Bq

n∑

i=1

|yi|q =
1

p
+

1

q
= 1.

V WX$&�8H ∑n
i=1 |xi yi| 5 AB

�
�

 O¡ ©Ñ©�¢ ¬®Fx.F�s£¥¤N¦@¦¨§8ª8§ ¡ §S¢h§IªIª
Minkowski ¨ æ ÅC¸¹´6´®ÜTÆ}Ì Î »C¼½´2¾T´ é2Ù ° ²f»Ë¾ Ö 1 < p < ∞ À@´®¸

x1, x2, . . . , xn ∈
C ä y1, y2, . . . , yn ∈ C

ÙX� Â)¾ Í
(

n∑

i=1

|xi + yi|p
)1/p

5

(
n∑

i=1

|xi|p
)1/p

+

(
n∑

i=1

|yi|p
)1/p

.

ò ×2Â8· Í ¸¹èIÐ Ù?W@$*;K,F6�)8H�Y(�(P�CD)�"-,12��	�1��$*��!#P�$#U� K��:�/�"�4�!*,��&2 1 < p < ∞ 68��,
q
"%= 2���,�!#Z_!%��, �G<� �!#" 1

p + 1
q = 1

H
!#4�!#"

q = p
p−1

HK�(�14�!*"
(

n∑

i=1

(
|ci|p−1

)q
)1/q

=

(
n∑

i=1

|ci|p
)1/q

=

(
n∑

i=1

|ci|p
) p−1

p

. b ó��Fk c
��<�$*�
n∑

i=1

|xi + yi|p =

n∑

i=1

|xi + yi| |xi + yi|p−1 5

n∑

i=1

|xi| |xi + yi|p−1 +

n∑

i=1

|yi| |xi + yi|p−1

5

(
n∑

i=1

|xi|p
)1/p( n∑

i=1

|xi + yi|(p−1)q

)1/q

+

(
n∑

i=1

|yi|p
)1/p( n∑

i=1

|xi + yi|(p−1)q

)1/q

(1.3)
=



(

n∑

i=1

|xi|p
)1/p

+

(
n∑

i=1

|yi|p
)1/p



(

n∑

i=1

|xi + yi|p
) p−1

p

.

M��1��/�Z32&^�5
(

n∑

i=1

|xi + yi|p
)1− p−1

p

5

(
n∑

i=1

|xi|p
)1/p

+

(
n∑

i=1

|yi|p
)1/p

⇒

(
n∑

i=1

|xi + yi|p
)1/p

5

(
n∑

i=1

|xi|p
)1/p

+

(
n∑

i=1

|yi|p
)1/p

.

�

²



 O¡ ©Ñ©�¢ ¬®Fx.F� ° ²f»Ë¾ Ö 1 < p < ∞ ÀÃ´®¸
1 < q < ∞ ä ¾¿Ï�¾TÌ2¸4´�Ê
»Ë¾ Í 1

p + 1
q = 1

Ù'� Â)¾ Í ¸ »)ÉfÒ Í ¸ãÐ�´8³8¸ »CÂ)¾2Ð.¾g´¾gÌ�º
Hölder

Å0¸4´ìÌÔÓÕÌ8À�Ó}Ð¿ÆCÊã¼½´2¾g´
∫ b

a
|f(x) g(x)| dx 5

(∫ b

a
|f(x)|pdx

)1/p (∫ b

a
|g(x)|qdx

)1/q

,

À@´®¸ÇÐ�´8³8¸ »CÂ)¾)Ð.¾T´�¾TÌ�º
Minkowski

Å0¸4´ìÌÔÓÕÌ8À�Ó}Ð¿Æ0Ê�¼Ë´8¾g´
(∫ b

a
|f(x) + g(x)|p dx

)1/p

5

(∫ b

a
|f(x)|pdx

)1/p

+

(∫ b

a
|g(x)|pdx

)1/p

.

æåë ¸Ë»}º8³µ´TÆË¾2ÄÃ» Í ¸:¶ f
À@´®¸

g Í¿Î ³µ´®¸½¾¿Ï�¾TÌ2¸ Í ¶,Ê
»Ë¾ Í ³¿´ìÌÞÆ ÎßÝ Ì)³®¾T´®¸Ë¾g´�ÌÔÓÕÌ8À�Ó}Ð¿Æ0Ê�¼Ë´8¾g´ Ù é
ò ×2Â8· Í ¸¹èIÐ Ù�M�= 2���,K"32&!*"3��<�5@�&2�)����&.KPE"_6�"-= 2&^�2	!_^�2G©�P�/�/1)�!3^�2 ó��F`8� �E68��,Çó��F`8�F®8� �ô$õ�öÇõã÷½ø½ù4úfûüõãý0õ���³ñöÇû��	���
ó��j��!%�z;8<�$*�

R
n b UE �!_�l;8<�$*� C

n c HK��$�=9o&�(:�/1"�.D,F��68)&CD" x = (x1, x2, . . . , xn)
H

‖x‖2 :=

(
n∑

i=1

|xi|2
)1/2

.

q�,�,F+�,F4�!SP�!*"_5
(i)

68��,
(ii)

!_��:dq@$�,  0/��(��ó��F`8�¯ós�($*�(6����1!_��:&2h)�/�"% K�8H�"32&<´P�!#$�, .K^�2�,76�Ud�&2�,  04�!SP�!%�
���1��+&"%,F612���"_!_��,0/�"X!SP�Y(�(U�CD"-,F��!SP�5��&2�,  K4�!SP�!%��5

Cauchy-Schwarz
HIY1�I�e©�U�/�/��'ó��F`8�¯ó�� c

M���=  IP�5	��$&=vo*��:�/�"
‖x‖1 :=

n∑

i=1

|xi|,
68��,

‖x‖∞ := max
15i5n

|xi|.
MO��68�����G���1��+*"-,F612���"_!_��,04�!*,D��, ‖ · ‖1

6���, ‖ · ‖∞ "-= 2���,8�1$&)&.0/���!*,K2�4($&/�"%5��
`8�j��!%��.0$*��/1/1,7684h;8<�$&�h!3^�2f K:&2�"%;8<�2z K:&2���$*!SU� K"_^�2

C[a, b] b "_�(=?!_��:f I<�/���!%��5G!3^�2f�($*�&.0/���!&,76�<�2��$�, CD/�<�2 c ��$&=vo*��:�/�"
‖ · ‖∞ : C[a, b] → R, ‖f‖∞ := sup

a5x5b

|f(x)|.

b¥µ ¶ ���e�?�O� p WN�(�(+&"-=9�*!#"�4�!&,KP ‖ · ‖∞ "-= 2���,82�4�$*/1�8� c
k8�j��!%�E.0$&��/�/1,F6�4L;8<�$*�L!3^�2� K:&2�"%;8<�2| 0:&2���$*!SU� K"_^�2

C[a, b]
"_�(=K!_��:� I<�/���!%�(5@!_^�2|�($*�&.0/���!&,76�<�2 b U!_^�2E/1, .0��+&,F6(<�2 c ��$&, CB/�<�2�HD�($�=9o&��:�/�"

‖f‖2 :=

(∫ b

a
|f(x)|2 dx

)1/2

.

q�,B,F+�,F4�!#P�!_�
(ii)

!%��:Eq@$&,  K/���� ó��F`8�¯ó	"-= 2���,8�($*��AD�&2�U�5�HI"32&<�PL,9+&,94�!SP�!%�
(iii) b !*$&, .K^�2�,76�UL�&2�,  K4�!SP�!_� c�1$&�(6�����!*"%,0���14]!SP�2��&2�,  K4�!SP�!%�

Cauchy-Schwarz b Y1�I�e©�U�/�/��'ó��F`8�F` c ��M���=  IP�5	"-= 2���,8�1$&��AD�&2�Z%5N4�!&,
·



‖f‖2 = 0
�eV q@/�^�5'!_�l�(,94l��"3�1!#4zo#U�!SP�/1�E �!%�l�1��$*)�+&"-, .0/��E��:�!#4l��AD��$&)�!SP�2G,9+&,94�!SP�!%� ‖f‖2 = 0 ⇒

f = 0
�e���L/�P�+*"32�,7684E �!%��, ;I"-= �]!_��:�;8<�$*��:

C[a, b]
"%= 2���,8PG K:&2�)�$*!SP� IPG�(�(:�/�P�+&"32�=vo*"_!%��,�!_��:�!%��!*,F6�)

 K"@����4(6(��P�$&�E!%�
[a, b]

�
WN2d+*"32��1"%$&, ��$&,  �!%����/�"f �!%�a;8<�$*�t!_^�2� K:&2�"_;8<�2g K:&2���$#!#U� K"_^�2g+&"32�"-= 2���,O"32�.0Z32�"-,O I^� �!#4a4�!*,
68)&CD"@/�PE/�P�+&"32�,F6(UE K:&2�)�$*!SP� IP

f
�1�(:G��$�=9o&"_!_��,I 0"XZ32���6(��"-,  �!*4]+�,F)� �!SP�/��

[a, b]
Z%;I"-,K�����(6(��U�$*^�/��

∫ b
a |f(x)|2 dx 6= 0

��>@)�$*!#"&H8.D,F�G�1��$&)�+&"%, .0/��8HD!SPL K:&2�)�$*!SP� IP
f(x) =





0, x 6= 1

1, x = 1

>@$*��AD�&2�<�5XP
f
+&"\2m"%= 2���,IPE/�P�+&"32�,F6(UG K:&2�)�$#!#P� IPE �!%�h¸7¹8HF`*º»HD4(/�^�5 ∫ 2

0 |f(x)|2 dx = 0
�

��!SP�2@�1"%$�=F��!_^� IP	4�/�^�5�!3^�2 »½ºÈ³ Í ÉEÊ
³  K:&2���$*!SU� K"_^�2X+&"32N;I$*"-,9)�o*"_!%��,�2��X�&2�P� K:�;I����/�"�,F+�,F��= !#"%$&�8�?�����684����(:&CB�L��U�/�/1�E"%�*�� KAB���1=vo*"-,I4�!&,0�z;8<�$&�(5
C[a, b]

"%AB�(+�,F�� 0/�Z32���5@/�"@!SPG2�4($&/�� ‖ · ‖2
,F6��&2��1�(��,9"%=

!SP�2E,F+�,F4�!SP�!_� ‖f‖2 = 0 ⇒ f = 0
HI6���,0)�$*��P ‖ · ‖2

"-= 2���,�2�4�$*/��8�
 �¡ ©Ñ©�¢ ¬®Fx.9¼ ò ³

f Í¿Î ³¿´®¸N¼Ç¸¹´ »½ºÈ³ Í ÉVÄ?¶ì»½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð!ÀÃ´®¸ ∫ b
a |f(x)|2 dx = 0 ä ¾¿Â)¾ Í f(x) = 0

Å0¸4´ÀÃÛ®Ü Í x ∈ [a, b]
Ù

ò ×2Â2· Í ¸ è@Ð Ù�WX5	:��(��CDZ% K��:�/�"�4�!&,D:��()�$*;I"-,D6�)��(��, � x0 ∈ [a, b]
!#Z_!_�8, �s<� �!#" |f(x0)| = M

H
M > 0

�
M��("%,9+#U]P

f
"-= 2���,D K:&2�"_;8U�5�HB:��1)�$&;I"%,DZ32��L+&,9)� �!SP�/��8HRZ% �!_^

(c, d)
/�"

a 5 c < d 5 b
H0�1��:G�1"%$�,FZ%;I"-,

!%�
x0
HI6���,0 �!%�]�(�1�8= � ∣∣∣|f(x)| − M

∣∣∣ < M
2

�e��4�!#"N.D,9��6�)&CD"
x ∈ (c, d) p |f(x)| > M

2

HI68��,K)�$&�
∫ b

a
|f(x)|2 dx =

∫ d

c
|f(x)|2 dx >

∫ d

c

(
M

2

)2

dx = (d − c)
M2

4
> 0.

V WX!_�(�1�DHK��AD�������14]!SP�2�:��(4�CD"% IP]Z_;I��:�/�"X4�!*, ∫ b
a |f(x)|2 dx = 0

�
�

�K�j��!%��2
R

n ��$&=vo&�(:�/�"j!SP�2�4($&/��

‖x‖p :=

(
n∑

i=1

|xi|p
)1/p

, x = (x1, x2, . . . , xn).

q�,&,F+�,F4�!#P�!#"%5
(i)
68��,

(ii)
!%��:�q@$&,  K/����aó��F`8�¯ó�"-= 2���,%�($*��AD�&2�"-= 5�H#"32&<zP�!#$�, .K^�2�,F6(U��&2�,  K4�!SP�!%�j���(�(+&"-,76(2���"\[

!%��,B/�"X!SPmY(�1U�CB"%,9��!SP�5	�&2�,  K4�!SP�!%��5�!%�(:
Minkowski

H8Y1�I�e©�U�/1/��'ó��F`8�F®8�
®8�j��!%��2

C[a, b]
��$&=vo*��:�/�"j!SP�2����("%,F6�4�2�,  IP

‖ · ‖p : C[a, b] → R, ‖f‖p :=

(∫ b

a
|f(x)|p dx

)1/p

.

b¥µ ¶ ���e�?�O� p WN�(�(+&"-=9�*!#"�4�!&,0"-= 2���,�2�4�$*/��8� c
²8�j��!%�d.0$&��/�/1,F6�4�;8<�$*�g!_^�2g K:&2�"%;8<�2h 0:&2���$*!SU� K"_^�2

C[a, b]
"_�(=e!_��:� I<�/���!%�(5z!_^�2��($*�&.0/���!&,76�<�2

��$�, CD/�<�2@CD"_^�$*<d/1,F�� K:&2�)�$*!SP� IP
w
H1P	�1�1�8=v�X"-= 2���,�CD"_!*,76�U	 �!%�

[a, b] b "36�!#4�5�=  I^�5����14|/�"%/���2�^�/�Z32��
½



 IP�/1"%=v�s �!%�s�(�1��=v�z/�P�+&"\2�=vo*"_!%��, c 6���,Q.D,F�z!SP�2s�(�1��=v�z�($�=vo*"_!%��,R!_�������(6(��U�$*^�/�� ∫ b
a w(x) dx

�E��4�!#"
��$&=vo&�(:�/�"j!SP�2G���1"-,7684�2�,  IP

‖ · ‖2,w : C[a, b] → R, ‖f‖2,w :=

(∫ b

a
|f(x)|2w(x) dx

)1/2

.

WX�1��+*"-,76(2���"3!%��,K4�!*,KP ‖ · ‖2,w
"%= 2���,82�4($&/��8�   K:&2�)�$#!SP� KP w

��Z3.0"_!_��, »½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð â ÛTÆ}Ì�ºI¶ H8UL������)â ÛTÆ}ÌÈ¶ �
��"N.0$*��/1/1,768�(��5�;8<�$&��:�5X/1"j2�4�$*/���/��(�($&�(��/1"j2����($�=  K��:�/�"N6���,K!SP�2�Z32&2��8,F�m!SP�5� 0�&.K6(�1,  IP�5��

£¥¤8¦¨§2©
ª@«�¬®Fx.Fx ° ²f»Ë¾ Ö (X, ‖·‖) Ï�³µ´I¶ Å2ÆC´µ¼�¼Ç¸ÁÀ@ÂÈ¶0ÉEÊËÆ}ÌÈ¶ñ¼ Í ³ÈÂåÆÕ¼Ë´ Ù�ð Ï¿¼ Í Â)¾µ¸®ÐV´IÀÃÌÔÓÕÌ�º®Ü Î ´ (xn)n∈N ⊂ X»½º8ÅCÀ�Ó Î ³ Í ¸�×åÆ}ÌÈ¶`Ï)³¿´ì»½¾gÌ8¸ É Í¿Î Ì x ∈ X ä ´8³Q¸ »2ÉfÒ Í ¸ ‖xn − x‖ → 0 ä ÀÃ´®ÜÈÊü¶ n → ∞ Ù
ô$õ�öÇõã÷½ø½ù4úfûüõãý0õO�
ó��j��!%��2

(Rn, ‖ · ‖2)
�

¾ "_^�$*<�/1,9�N��68������:&CB=9�
x(m)  �!%�8, ;I"-=9^�2j!%�(:

R
n � b n�P��I���&2 k ∈ N

H
x(k) =

(
x

(k)
1 , x

(k)
2 , . . . , x

(k)
n

) � cV MO;I��:�/�"@4�!*,
x(m) → x, x ∈ R

n ⇔ ‖x(m) − x‖2 → 0,
6��&CD<�5

m → ∞.

��4�!*" ∀i = 1, 2, . . . , n
H (

x
(m)
i − xi

)2
5
∑n

i=1

(
x

(m)
i − xi

)2
→ 0

H
m → ∞ ��n�P�����+*UIH�/(,F�

��68�����(:&CR=9�
x(m)  �!%��, ;I"-=9^�2m!%�(:

R
n  K:&.K6��1= 2�"-,I �V(Z32��G+&,9)&2�:� 0/�� x ∈ R

n "%)&2m68��,K/14�2���2m"%)&2|68)&CD"��68�����(:&CR=9� (
x

(m)
i

) !_^�2g K:&2�,  �!3^� I<�2� 0:&.K6(�1= 2�"-, b ^�5s��68������:&CB=9�h�1$&�&.0/���!*,F6(<�2g��$&, CB/�<�2 c  �!SP�2�&2�!*=  �!%�8, ;8P] K:&2�,  �!S<� K�
xi
�

`8�j��!%��2
C[a, b]

/�"'!SP]2�4�$*/1� ‖ · ‖∞ HR/(,F�z��6�������:&CB=v� (fn)n∈N

 K:&2���$*!SU� K"_^�2L!%��:
C[a, b]

 K:&.K6��1= 2�"-,
 K"@/1,9�E K:&2�)�$#!#P� IP

f ∈ C[a, b]
HK�&2

sup
a5x5b

|fn(x) − f(x)| → 0,
6��&CD<�5

n → ∞.

k8��WN2m"%AB�(+�,F)� K��:�/�"N!_��2
C[a, b]

/�"X!SP�2�4�$&/�� ‖ · ‖2
HI!*4�!#"

fn → f ⇔
∫ b

a
|fn(x) − f(x)|2 dx → 0,

6��&C0<�5
n → ∞.

�K� ¾ "_^�$&�(��/�"]!*, 5f K:&2���$*!SU� K"-, 5
fn(x) = e−nx H n = 1, 2, . . .

�aM�= 2���,��($*��AD�&2�Z%5]4�!*,
fn ∈ C[0, 1]

�
M���=  IP�5�H&"%��68������/��1��$*����/�"�2���+&����/�"?4�!*,%.D,9��6�)&CB"

x ∈ [0, 1]
H
fn(x) → f(x) :=





0, x ∈ (0, 1]

1, x = 0

H
68�&C0<�5

n → ∞ ��>@��$*��!SP�$*U� �!*"�4�!*,("_+*<��&2���AD"%$&4(/1�� �!#"� �!#P' K�&.K6��1,  KP|!SP�5N��6�������:&CB=v��5�!3^�2'��$�, CI[
/�<�2

fn(x)
.D,9���1�1�8, �(+*U��1��!*"

x ∈ [0, 1]
H�6���,�4�;K,� �!#P	 K�&.K6(�1,  IP'!SP�5���6�������:&CB=v��5O!_^�2@ 0:&2���$*!SU� K"_^�2

¿



fn
�&2m!SP]+*����/�"N^�5	��6�������:&CB=v�� �!%��, ;I"-=F^�2G"32�4�5@;8<�$*��:G K:&2���$#!#U� K"_^�2�"%AB�(+�,F�� K/1Z\2���:m/1"X/(,F��2�4($S[

/��8��WN68$�, Y(Z% �!#"%$&�8HI"\2&2��(����/�"j4�!*,KP
fn → f

68��!#)E IP�/�"-= �D��MO��68�����G4(/�^�5	/��1��$*����/�"N2��G+*����/�"X4�!*,
fn → f

^�5@�1$*��5X!SP�2�4($&/�� ‖ · ‖2
��V q@/�^�5

f 6∈ C[0, 1]
/1,F��5�68��,K"-= 2���,K�� K:&2�"%;8U�5��

¾ "_^�$&�(��/�"L!S<�$&�{!SP� K:&2�)�$#!#P� IP
f0(x) = 0

H ∀x ∈ [0, 1]
HO�1��:{�($*��AD�&2�<�5L�&2�U�68"%,� �!_��2

C[0, 1]
�

Me2�+�,F��AB"_$&4�/��� �!#"j2��m"%�&"_!#)� K��:�/�"j68��!#)��14� K��2
fn → f0

/�"X!SP�2GZ32*2��8,F�m!SP�5� K�&.K6��1,  IP�5	 �!%�l;8<�$*�
C[0, 1]

�  ���1)&2�!SP� IPN"%�&��$#!*)�!_��,����14@!#P�2�4($&/���/�"O!SP�2j�(�1��=v��CD�N"%AD��+&,9)� K��:�/�"�!_��;8<�$&� C[0, 1]
�?WN2

;I$*P� 0,F/1�1�1�8,7U� 0�(:�/�"�!SP�2�4($&/�� ‖ ·‖∞ H�!#4�!#" fn 6→ f0
H1��AB�(� |fn(0)−f0(0)| = 1

H ∀n
H�6���,1"_�1�(/1Z\2�^�5

sup05x51 |fn(x) − f0(x)| 6→ 0
��WX�14{!#P�2l)�����Pf/�"%$�,F)8H��&2lCD"_^�$#U� 0�(:�/�"|!%�h;8<�$&�

C[0, 1]
/�"m!SP

2�4($&/�� ‖ · ‖2
HI!#4�!#" ‖fn − f0‖2 =

∫ 1
0 e−2nxdx → 0

H
n → ∞ �

V W@$*�]�1��$&��!SP�$&�(��/�"'4�!*,Q/1,9�z��6�������:&CB=v�L K:&2�"%;8<�2] K:&2���$#!SU� 0"3^�2l/��1��$*"-=D2��] K:&.K6��1= 2�"-,D^�5m�1$*��5	!#P
2�4($&/�� ‖ · ‖2

 K"�/1,9�{�� K:&2�"%;8Uf K:&2�)�$*!SP� IPIH��&2l68��, · Í ³ /��1��$&"%=�2��s K:&.K6(�1= 2�"%,��(/��8,F4�/���$*AB�z K"G/1,9��� K:&2�"%;8Uj K:&2�)�$#!#P� IPI��M���=  IP�5�H�"%=v+&��/�"�4�!*,#!_�@4�$&, �X^�5e�1$&�(5�!#P�2�4�$&/�� ‖·‖2
+*"32�"-= 2���,S/���2���+�,76840H*��AD���

Ps!*,9/�Uh"32�4(5������(6(��P�$*<�/���!%�(5�+&"32l/�"_!%�*Y()�����"3!%��,��&2z������)��&��:�/�"'!#P�2l!*,9/�Uf!SP�5E�1$*��5������16���P�$*^� IP
 K:&2�)�$*!SP� IP�5� �V�Z32��m�1"_�1"%$*�� K/1Z\2��E�1��U�CD�(5' IP�/�"-=F^�28�

£¥¤8¦¨§2©
ª@«�¬®Fx.F� ° ²f»Ë¾ Ö X
Ï)³¿´I¶�Å)ÆÕ´µ¼ã¼Ç¸ÁÀÃÂÈ¶6ÉEÊËÆ}ÌÈ¶ìÀ@´®¸ ‖ · ‖ ä ||| · ||| ·8Ò®Ì�³8ÂÞÆC¼ Í ¶Q»Ë¾TÌ)³ X

Ù�ë ¸
³ÈÂåÆÕ¼ Í ¶´ÈºÃ¾¿ÏT¶aÜ®´aÓÕÏ�ÅCÌ)³®¾T´®¸Ë¸ »?Ì2·8Ò8³¿´µ¼ Í ¶a´È³ìºÃ×2ÛTÆ�ÉãÌµºÈ³�Ü Í ¾µ¸ÁÀ@ÏT¶,»½¾g´®Ü Í ÆÕÏT¶ m
À@´®¸

M ä ¾¿Ï�¾TÌ2¸ Í ¶aÊ
»½¾ Í
∀x ∈ X m ‖x‖ 5 |||x||| 5 M ‖x‖.

£¥¤8¦¨§2©
ª@«�¬®Fx. � ° ²f»Ë¾ Ö (X, ‖ · ‖) Ï)³¿´I¶ìÅ2ÆC´µ¼�¼Ç¸ÁÀ@ÂÈ¶áÉEÊËÆ}ÌÈ¶�¼ Í ³8ÂÞÆÕ¼Ë´'À@´®¸ (xn)n∈N

¼Ç¸4´ ´IÀ@ÌÔÓÕÌ�ºIÜ Î ´�»Ë¾TÌ�³
X ä Ü®´VÓÕÏ¿¼ Í Â)¾¿¸ÇÐ (xn) Í¿Î ³¿´®¸Ë´IÀ@ÌÔÓÕÌ�º®Ü Î ´ Cauchy

æ Ö ¶�×åÆ}ÌÈ¶,¾2Ð ‖ · ‖ é ´8³
∀ε > 0 ∃N ∈ N,

¾¿Ï�¾TÌ2¸ Ì=Ê
»Ë¾ Í ‖xm − xn‖ < ε, ∀m,n = N.

£¥¤8¦¨§2©
ª@«�¬®Fx.F� ° ²¥³µ´I¶üÅ)ÆÕ´µ¼ã¼Ç¸ÁÀÃÂÈ¶?ÉfÊËÆ}Ì8¶�¼ Í ³8ÂåÆÕ¼½´ (X, ‖·‖) ÓÕÏ�Å Í ¾g´®¸I×gÓ}Ä¿Æ}Ð?¶ñ´8³áÀ@Û®Ü Í ´IÀÃÌÔÓÕÌµºIÜ Î ´ Cauchyæ Ö ¶�×åÆ}ÌÈ¶,¾2Ð ‖ · ‖ é »Ë¾gÌ)³ X
»½º8ÅCÀ�Ó Î ³ Í ¸ æ Ö ¶�×åÆ}ÌÈ¶a¾)Ð ‖ · ‖ é2Ù

£¥¤8¦¨§2©
ª@«�¬®Fx.F� ° ²f»Ë¾ Ö (X, ‖ · ‖) À@´®¸ (Y, ||| · |||) ·2Ò®Ì`ÉfÊËÆ}Ì2¸}¼ Í ³8ÂÞÆÕ¼Ë´ Ù �d¸4´�´È× Í ¸ÁÀÃÂ)³8¸ »½Ð T : M → Y ä
M ⊂ X ä ÓÕÏ)Å Í ¾T´®¸`»½ºÈ³ Í É¥Ä?¶�»½¾gÌ x ∈ M ä ´8³ ÅC¸¹´ À@Û®Ü Í ´IÀÃÌÔÓÕÌµºIÜ Î ´ (xn)n∈N

»Ë¾TÌ2¸ É Í¿Î4Ö ³ ¾TÌµº M
¼ Í

xn → x ⇒ T (xn) → T (x)
Ù�æ¬« Ð�Ó@´®·®Ä ‖xn − x‖ → 0 ⇒ |||T (xn) − T (x)||| → 0

Ù é ç
T
ÓÕÏ)Å Í ¾T´®¸»½ºÈ³ Í É¥Ä?¶�»½°2Ï)³¿´Q»CÒ8³�ÌÔÓÕÌ M1 ⊂ M ä ´8³ Í¿Î ³µ´®¸Õ»½ºÈ³ Í É¥Ä?¶�» Í ÀÃÛ®Ü Í x ∈ M1

Ù
��!SP' 0:&2�Z%;I"-,F�@CB���1��$&�(:� 0,9)� K��:�/�"�;8^�$&= 5����(4(+&"-,F�*P	�($�,  K/�Z32��'���1��!#"_��Z% K/���!%�	�1��:XCD�	/1��5�;I$*"-,9�� �!%�(�&2

 �!SPE 0:&2�Z%;I"-,F�8�
À ¤Iª8§S¢Ç§ ¡ ¬®Fx.¯¬uÁ Í Ï)³¿´�Å)ÆÕ´µ¼�¼Ç¸ÁÀ@ÂáÉEÊËÆ}ÌQ× Í × Í ÆÕ´®»C¼ãÏ)³IÐ?¶V·8¸¹Û®»Ë¾T´®»½Ð?¶�ÂÔÓ Í ¶,Ì2¸Ç³8ÂÞÆC¼ Í ¶ Í¿Î ³¿´®¸Ë¸ »?Ì8·2Ò8³µ´µ¼ Í ¶ Ù

óS¹



£¥¤8¦¨§2©
ª@«�¬®Fx.9¼ ° ²f»Ë¾ Ö (X, ‖ · ‖) Ï�³µ´I¶ñÉEÊËÆ}ÌÈ¶¥¼ Í ³8ÂÞÆC¼½´=ÀÃ´®¸ K ⊂ X
Ù

(i)
� Ì

K
ÓÕÏ)Å Í ¾g´®¸ÇÀ�Ó Í ¸ »Ë¾µÂì´8³�ÅC¸¹´�ÀÃÛ®Ü Í ´IÀ@ÌÔÓÕÌ�ºIÜ Î ´ì»Ë¾TÌ8¸ É Í�Î4Ö ³ (xn)n∈N ⊂ K

¼ Í xn → x ⇒ x ∈ K
Ùæ¬« Ð�Ó@´®·IÄ�´8³ì¾TÌ]ÂÞÆ}¸ Ì]ÀÃÛ®Ü Í »½º8ÅCÀ�Ó Î ³�ÌµºI»@´I¶,´IÀÃÌÔÓÕÌµºIÜ Î ´I¶,¾TÌ�º K

´8³IÄ?À Í ¸C»Ë¾TÌ K
Ù é

(ii)
� Ì

K
ÓÕÏ�Å Í ¾g´®¸��ÈÆC´µÅ®¼�Ï)³µÌ�´8³XºÃ×2ÛTÆ�É Í ¸fÜ Í ¾µ¸ÁÀ.Ä »Ë¾g´®Ü Í ÆÕÛ M

¾¿Ï�¾TÌ2¸4´dÊ
»Ë¾ Í ‖x‖ 5 M ä Å0¸4´XÀÃÛ®Ü Í
x ∈ K

Ù
(iii)

� Ì
K
ÓÕÏ)Å Í ¾T´®¸.»½º)¼ã×2´¿ÅCÏT¶ ä ´8³,ÀÃÛ®Ü Í ´IÀÃÌÔÓÕÌ�º®Ü Î ´a»Ë¾TÌ2¸ É Í¿Î4Ö ³]¾gÌ�º K

Ï¯É Í ¸Ã¼Ç¸4´�»½º8ÅCÀ�Ó Î ³�ÌµºI»@´QºÃ×2´IÀÃÌÔÓÕÌµº&yÜ Î ´�×2Ìµº�¾TÌ]ÂÞÆ}¸¹ÂQ¾)Ð?¶,´8³IÄ?À Í ¸Õ»Ë¾TÌ K
Ù

ô$õ�öQ}ã÷½ø½þ¯úEû õO� ��!%��2
(R, | · |) !%�h 0�&2������ [a, b]

/�" −∞ < a < b < ∞ "-= 2���,R6���"-,  �!#4DH�AB$*�&.0/�Z32��z6���,
 K:�/��1�&.0Z%5��]���h K�&2������

[a, b)
"-= 2���,�AB$*�&.0/1Z\2��f������)f+&"32l"-= 2���,�6(��"-,  �!#4DH?"32�<Â!_�

R
"-= 2���,�6(��"-,  �!#4�������)

+*"32�"%= 2���,IAD$&�&.0/�Z32��0�
 O¡ ©Ñ©�¢ ¬®Fx.FÃ ° ²f»Ë¾ Ö (X, ‖ · ‖) Ï)³¿´I¶áÉEÊËÆ}ÌÈ¶�¼ Í ³ÈÂåÆÕ¼Ë´�À@´®¸ K ⊂ X

»}º�¼ã×2´µÅ0ÏT¶ Ù�ò ³
M ⊂ K

À�Ó Í ¸ »Ë¾µÂ ä¾¿Â)¾ Í ¾TÌ M Í¿Î ³µ´®¸Õ»½º)¼ã×2´¿ÅCÏT¶ Ù
À ¤Iª8§S¢Ç§ ¡ ¬®Fx.Fx ° ²f»Ë¾ Ö (X, ‖ · ‖) ÀÃ´®¸ (Y, ||| · |||) ·8Ò®Ì¥ÉEÊËÆ}Ì8¸Ç¼ Í ³8ÂÞÆÕ¼Ë´'À@´®¸ T : X → Y

¼Ç¸¹´ »}º8³ Í É¥Ä?¶´8× Í ¸ÁÀ@Â)³8¸ »½Ð Ù�ò ³ K ⊂ X Í¿Î ³¿´®¸?»½º)¼ã×2´¿ÅCÏT¶ ä ¾¿Â)¾ Í À@´®¸0¾TÌ M := T (K) = {y ∈ Y : ∃x ∈ X
¼ Í y = T (x)}Í¿Î ³¿´®¸½»½º)¼ã×2´¿ÅCÏT¶ Ù�æ¬« Ð�Ó@´®·®Ä Ð Í ¸ÁÀÃÂ)³¿´ Í ³8ÂÈ¶¥»}º�¼ã×2´µÅ0Ì8ÒI¶�»}º8³ÈÂÔÓÕÌµº�¼�Ïg» Ö ¼Ç¸¹´I¶�»}º8³ Í ÉNÌ8ÒI¶�´8× Í ¸ÁÀÃÂ)³8¸ »½Ð?¶ Í¿Î ³¿´®¸»½º)¼ã×2´¿ÅCÏT¶�»ÕÒ8³µÌÔÓÕÌ Ù é

~Q2�^�$&=vo*��:�/�"�4�!*,K�&2
f : [a, b] → R

"-= 2���,I 0:&2�"%;8U�5X K:&2�)�$*!SP� IPIHI!*4�!#"N����/&Y()&2�"-,I �!_�
[a, b]

!_�]/�Z3.D,  �!_�l68��,
!_�l"_��)�;K,  �!#4l!SP�5��e���l���1��!#Z_��"% K/��L��:�!#4E.0"32�,768"%��"3!%��,K �!SP�2m��684�����:&C0PG�1$&4�!_�� KPI�
À ¤Iª8§S¢Ç§ ¡ ¬®Fx.F� ° ²f»Ë¾ Ö (X, ‖ · ‖) Ï)³¿´I¶,ÉEÊËÆ}ÌÈ¶�¼ Í ³8ÂÞÆC¼½´ ä K ⊂ X

»½º)¼ã×2´¿ÅCÏT¶ ÀÃ´®¸
f : K → R

¼Ç¸¹´»½ºÈ³ Í É¥Ä?¶�»½ºÈ³8ÛTÆË¾2ÐÃ»½Ð Ù@� Â)¾ Í º?×2ÛTÆ�ÉNÌ�ºÈ³ x∗ ÀÃ´®¸ x∗ ∈ K ä ¾¿Ï�¾gÌ8¸¹´ìÊ
»½¾ Í
f(x∗) = inf

x∈K
f(x), f(x∗) = sup

x∈K
f(x).

æ¬« Ð�Ó@´®·®Ä�¼Ç¸4´ »½ºÈ³ Í É¥Ä?¶Q»½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð�Ó@´µ¼ â Û8³ Í ¸N» Í ÀÃÛ®Ü Í »½º)¼ã×2´¿ÅCÏT¶ì»CÒ8³�ÌÔÓÕÌ ¾gÌ�¼ãÏ)ÅC¸ »Ë¾gÌ ÀÃ´®¸ã¾TÌ Í ÓÕÛ É6¸ »½¾¿Â¾)Ð?¶ Ù é
���s��6�4�����:&CD�l��U�/�/��l+�= 2�"-,0/1,9�L�&2��&.K6���=v�E K:&2&C0U�6�PE.D,9�E2��E"-= 2���,DZ\2��L:��(�( K�&2������z"32�4�5	;8<�$&�(:]/�"@2�4($&/��
 K:�/��1�&.0Z%5��
 O¡ ©Ñ©�¢ ¬®Fx.FÄ ° ²f»Ë¾ Ö (X, ‖ · ‖) Ï)³¿´I¶ñÉEÊËÆÇÌ8¶¥¼ Í ³8ÂÞÆC¼½´QÀ@´®¸ K ⊂ X

ÙÑò ³=¾gÌ
K Í�Î ³¿´®¸C»½º)¼ã×2´µÅ0ÏT¶ ä ¾¿Â)¾ Í ¾TÌ

K Í¿Î ³µ´®¸ËÀ�Ó Í ¸ »½¾¿Â=ÀÃ´®¸D�ÈÆÕ´¿ÅI¼ãÏ)³�Ì Ù
ÅNÆ�Ç.¤ ¡ ©�¢ ¬®Fx.¯¬±° ²f»Ë¾ Ö (X, ‖ · ‖) Ï�³µ´I¶ÑÉEÊËÆ}ÌÈ¶V¼ Í ³8ÂÞÆC¼½´�× Í × Í ÆÕ´®»C¼�Ï)³IÐ?¶V·2¸4Û®»Ë¾g´®»}Ð?¶ Ù
ò ³ K ⊂ X Í¿Î ³¿´®¸ÀµÓ Í ¸ »Ë¾¿ÂQÀÃ´®¸B�ÈÆC´µÅ®¼�Ï)³µÌ ä ¾¿Â)¾ Í ¾TÌ K Í¿Î ³µ´®¸Õ»½º)¼ã×2´¿ÅCÏT¶ Ù

ó®ó



�]�\È � � ���'�!�z�É�f��Ê±���f�]�g�{�ÌËX� �����z�ü�Q� ¡
Inner product spaces � �

��!SP�2��1��$*)&.0$&��AB�E��:�!SUGCD���("_$�, �($�,  �!%�(��/1"� K"N.0$*��/�/(,768�(��5@;8<�$&�(:�5@"_�(=0!_��:G I<�/���!%�(5	!3^�2G�1$&�&.0/���!*,F6(<�2
��$&, CB/�<�2�� b ���z�1"%$&,  K K4�!#"%$*�s���14���:�!#)z�1��:lCD�z�1����/�"|.0"32�,F6�"%����2�!%��,Q;8^�$&= 5E,9+&,9��= !#"%$#Pf+&:� I68���1=9�l68��,R.D,9�!SP�2��1"%$&=9��!_^� IPE!_^�2�/1, .0��+�,76�<�2�.0$*��/�/(,76�<�2m;8<�$*^�2�� c
£¥¤8¦¨§2©
ª@«�¬®F�.¯¬±° ²f»Ë¾ Ö X

Ï)³¿´I¶=×åÆÕ´¿ÅI¼½´2¾¿¸ÁÀÃÂ8¶ìÅ)ÆÕ´µ¼�¼Ç¸ÁÀ@ÂÈ¶üÉEÊËÆÇÌ8¶ Ù �d¸4´�´È× Í ¸ÁÀÃÂ)³8¸ »½Ð (·, ·) : X × X → RÓÕÏ)Å Í ¾T´®¸ Í » Ö ¾ Í ÆÇ¸ÁÀ@Â�Å0¸4³ÈÂ�¼ Í ³µÌ=»Ë¾TÌ)³ X ä ´8³ Í¿Î ³µ´®¸}Å2ÆC´µ¼�¼Ç¸ÁÀ0Ä Ö ¶�×åÆÇÌ8¶,ÀÃÛ®Ü Í ¼ Í ¾g´ â Ó}Ð.¾)Ä ¾)Ð?¶ ä »½º)¼ã¼ Í ¾ Æ}¸ÁÀ0ÄÀ@´®¸ËÜ Í ¾¿¸ÁÀ@ÛìÌÞÆ}¸ »C¼�Ï)³IÐ ä ·®Ð�Ó@´®·IÄ
(i) (x + y, z) = (x, z) + (y, z) ä ∀x, y, z ∈ X

Ù
(ii) (λx, y) = λ(x, y) ä ∀λ ∈ R ä x, y ∈ X

Ù
(iii) (x, y) = (y, x) ä ∀x, y ∈ X

Ù
(iv) (x, x) > 0 ä ∀x ∈ X \ {0} Ù
� Â)¾ Í Ì X

ÓÕÏ)Å Í ¾T´®¸8ÉfÊËÆ}Ì8¶,¼ ÍVÍ » Ö ¾ Í Æ}¸ÁÀÃÂìÅC¸4³8Â¿¼ Í ³�Ì Ù
£¥¤8¦¨§2©
ª@«�¬®F�.Fx ° ²f»Ë¾ Ö X

Ï)³¿´I¶�Å2ÆÕ´µ¼ã¼Ç¸ÁÀÃÂ8¶�ÉEÊËÆ}ÌÈ¶'¼ Í Í » Ö ¾ Í ÆÇ¸ÁÀ@ÂdÅC¸4³8Â¿¼ Í ³�Ì (·, ·) ÙÍ� ´
x, y ∈ X

Ü®´ÓÕÏ)Å0Ì)³®¾T´®¸ËÌÞÆÕÜ®Ì2Å.Ê
³8¸¹´ì´8³
(x, y) = 0

Ù,æ Áaº)¼ â ÌÔÓÕ¸ »C¼�ÂÈ¶�í x ⊥ y
Ù é

 O¡ ©Ñ©�¢ ¬®F�.¯¬tÁ Í Ï)³¿´6ÉfÊËÆ}Ì�¼ Í,Í » Ö ¾ Í Æ}¸ÁÀÃÂQÅC¸4³8Â¿¼ Í ³�Ì=¸ »)É6Ò Í ¸NÐ�´8³È¸ »ÕÂ)¾)Ð.¾g´�¾ Ö ³ Cauchy-Schwarz

∀x, y ∈ X |(x, y)| 5
√

(x, x)
√

(y, y).

ò ×2Â8· Í ¸¹èIÐ Ù�V M� �!_^ x, y ∈ X
6���,

λ ∈ R
�Î>@$*��AD�&2�<�5

(x − λy, x − λy) = 0 b ,9+&,94�!SP�!%� (iv)
 �!_��2

q@$&,  K/14�ó��Fk8�¯ó c ��Ï@$*P� 0,9/��1�(��,F<�2&!%��5�!*, 5�,F+�,F4�!SP�!*"_5�!%�(:@"% I^e!#"%$�,768�(�j.D, 2���/�Z32���:�P��&2�,  04�!SP�!%����:�!SUX.0$*)�AB"_!_��,^�5
(y, y)λ2 − 2(x, y)λ + (x, x) = 0.

 !#"_��"%:�!_��=v���&2�,  K4�!SP�!_�E,  K;I��"-,I.D,F�m6�)&CB" λ ∈ R
�&2'PG+�,F��68$&= 2��(:� K�	!_��:m!#$&,F^�2���/1�(:m"-= 2���,8/�PmCD"_!*,76�UIHI+#P��I�

�&2
4(x, y)2 − 4(y, y)(x, x) 5 0

�
�

À ¤Iª8§S¢Ç§ ¡ ¬®F�.¯¬±° ²f»Ë¾ Ö (X, (·, ·)) Ï�³µ´I¶aÉEÊËÆ}ÌÈ¶'¼ Í'Í » Ö ¾ Í ÆÇ¸ÁÀ@Â$Å0¸4³ÈÂ�¼ Í ³µÌ ÙÐ� Â)¾ Í ¼ Í ‖x‖ :=
√

(x, x) ä
x ∈ X ä ÌåÆ Î4ÝÞÍ ¾T´®¸C¼Ç¸¹´'³8ÂåÆÕ¼½´=»½¾gÌ)³ X ä Ð�Ì®×2Ì Î ´`ÓÕÏ¿¼ Í Â)¾µ¸Ç×2´TÆÕÛ¿Å Í ¾g´®¸½´8×2Â=¾TÌ Í » Ö ¾ Í Æ}¸ÁÀÃÂìÅC¸4³8Â¿¼ Í ³�Ì Ù
ò ×2Â8· Í ¸¹èIÐ Ù�W@A0U�2�"_!_��,I^�5	)� I6�P� IPI� �

 O¡ ©Ñ©�¢ ¬®F�.Fx ° ²f»Ë¾ Ö (X, (·, ·)) Ï)³¿´I¶ÑÉEÊËÆ}ÌÈ¶V¼ ÍVÍ » Ö ¾ Í Æ}¸ÁÀÃÂ�Å0¸4³8Â¿¼ Í ³µÌ Ù@� Â)¾ Í
(i) ∀x, y ∈ X

í ‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2 ÙVæJÑ ´8³8Â)³¿´I¶�¾TÌµº�×2´TÆÕ´�Ó®Ó}Ð�ÓÕÌ2Å)ÆÕÛµ¼ã¼ÇÌ�º é
óS`



(ii) ∀x, y ∈ X
¼ Í (x, y) = 0 ⇒ ‖x + y‖2 = ‖x‖2 + ‖y‖2 ÙVæJ¯ º®Ü®´µÅ0ÂÞÆ Í ¸ Ì=Ü Í ÊËÆ}ÐÃ¼½´ é

ò ×2Â8· Í ¸¹èIÐ Ù�V MO �!3^ x, y ∈ X
����4�!#"

‖x + y‖2 = (x + y, x + y) = ‖x‖2 + 2(x, y) + ‖y‖2, b ó�� � c
‖x − y‖2 = (x − y, x − y) = ‖x‖2 − 2(x, y) + ‖y‖2. b ó��F® c

>X$&�� 8CDZ_!_��:�/�"X!*, 5 b ó�� � c 68��, b ó��F® c 68��!#)G/�Z_��PG68��,K�1$&�(6�����!*"%,K��/�Z% I^�5�P (i)
�

Wj2
(x, y) = 0

H0!#4�!#"@���14]!SP�2 b ó�� � c Z_;I��:�/�"X)�/�"% K�G!%�L�(:&CD�&.04($&"-, �ECD"_<�$*P�/��8� �ô$õ�öÇõNý0�ãöB�?�O�O�
ó���MO��68�����s/��1��$&"%=�6��&2�"-= 5|2��z���1��+*"-=v�*"-,R"_�1�&.K^�.D,F6�)s4�!&,��&2

x1, x2, . . . , xn ∈ X
/�"

(xi, xj) = 0
/1"

i 6= j
HK!#4�!*" ‖x1 + x2 + · · · + xn‖2 = ‖x1‖2 + ‖x2‖2 + · · · + ‖xn‖2 �

`8��M�=v+&��/�"j4�!&,86�)&CB"�2�4($&/��	�(�(:m�1��$&)&.0"_!_��,I���(4EZ32��m"% I^e!#"%$&,F6�4G.D, 2�4(/�"32��E,768�&2��(�1�8,F"-=�!%��2|68�&2�4�2���!%��:
�1��$&������P����&.0$&)�/�/���:8��WN2&!*=  �!#$&�(AB�8He/��1��$*"-=�2������1�(+&"-, ;�CD"-=�4�!*,e6�)&CD"E2�4�$&/��{�(�(:g,768�&2��1�1�8,F"-=�!%��2
68�&2�4�2��@!%�(:|�1��$&������P����&.0$*)�/1/��(:'�1��$&)&.0"3!%��,����14GZ32��|"% I^e!#"%$&,F6�4|.D, 2�4�/�"32��DH1 K:&.K68"_6�$�,F/1Z\2��8H1���14�!%�
��684����(:&CB�L"% I^e!#"%$�,7684E.D, 2�4�/�"32��

∀x, y ∈ X : (x, y) :=
1

4

(
‖x + y‖2 − ‖x − y‖2

)
.

ô$õ�öÇõã÷½ø½ù4úfûüõãý0õÎ
��]ö�	�oûüø$ø0���ýËøÕöãþ��OÒ ú¥þF��Ò�û ø8��³��
ó��j��!%��2

R
n ��$&=vo&�(:�/�"j!_� b "%:�6(��"-=v+*"-, � c "% I^e!*"_$�,7684G.D, 2�4�/�"32��

(x, y) := (x, y)2 =

n∑

i=1

xi yi,

∀x, y ∈ R
n H x = (x1, x2, . . . , xn)

H
y = (y1, y2, . . . , yn)

�
`8�j��!%��2

C[a, b]
/�"

(·, ·) : C[a, b] × C[a, b] → R
H

(f, g) :=

∫ b

a
f(x)g(x) dx,

��$&=vo&"3!%��,KZ32���"_ K^e!#"%$&,F6�4E.D, 2�4(/�"32��0�
k8��V MO �!3^

w : [a, b] → R
/(,F��CD"_!*,F6(UG68��,K�����(6���P�$#<� 0,9/�PE K:&2�)�$#!#P� IPmY()�$*��:�5��e��4�!#"X/�"

(f, g)w :=

∫ b

a
f(x)g(x)w(x) dx,

��$&=vo&"3!%��,K"_�(=  KP�5�Z\2��&2m"% I^e!*"_$�,7684G.D, 2�4�/�"32��L �!%��2
C[a, b]

�

óSk



ô$õ�öÇõNý0�ãöB�?�O�O� M�=9+&��/�"	4�!&,Q K"'Z32��L;8<�$&�s/�"'"% I^e!*"_$�,7684z.D, 2�4�/�"32��s��$�=9o&"_!_��,D�1)&2�!_�l/1,9�L2�4�$*/��8HBPz�1�1�8=v�
�1��$&)&.0"3!%��,K���(4E!%�]"% I^e!#"%$�,7684�.D, 2�4�/�"32��G68��,0,F6��&2��(�1��,9"-=8!_��2|68�&2�4�2��	!%��:��1��$*������P����&.0$&)�/�/���:8��>X$&�� K��;8U
4(/�^�5 p�Ó ø8� "-= 2���,I4����8,D��,0;8<�$*�8,I/�"N2�4($&/��8HI;8<�$*�8,K"% I^e!*"_$�,768���'.D, 2���/�Z32��(:8�>m�F;R�]CB"3^�$*U� �!*"�!_��2

C[0, 1]
/�"G!SP{2�4�$*/1� ‖f‖∞ = maxx∈[0,1] |f(x)| � ¾ �h+*"-=v�*��:�/�"m4�!*,?Pf2�4�$*/����:�!SUu+&"32d/��1��$*"-=�2��g�(��$*��;�CD"-=����14�Z32��d"% I^e!#"%$&,F6�4u.D, 2�4�/�"32��DH�+&,94�!*,�+*"32�,768�&2��1�1�8,F"-=O!_��2�68�&2�4�2���!%��:

�1��$&������P����&.0$*)�/�/1�(:8�d>@)�$*!#"&H�.D,F���1��$&)�+*"-, .0/��8H
f(x) = 1

6���,
g(x) = x

�d>@$*��AB�&2&<�5
f, g ∈ C[0, 1]

�
V MO;I��:�/�" ‖f‖∞ = 1

6���, ‖g‖∞ = 1
�aV q@/�^�5

f(x) + g(x) = 1 + x
H�68��,�)�$&� ‖f + g‖∞ = 2

H�"32�<
f(x) − g(x) = 1 − x

H�"_�1��/�Z32&^�5 ‖f − g‖∞ = 1
�Ô��:&2�"_��<�5 ‖f + g‖2

∞ + ‖f − g‖2
∞ = 5

H�������)
2‖f‖2

∞ + 2‖g‖2
∞ = 4

�
 O¡ ©Ñ©�¢ ¬®F�.F� ° ²f»Ë¾ Ö (X, (·, ·)) Ï)³¿´I¶=ÉEÊËÆ}ÌÈ¶ ¼ Í Í » Ö ¾ Í Æ}¸ÁÀÃÂ%ÅC¸4³8Â¿¼ Í ³�ÌdÀÃ´®¸ xn → x ä yn → y ä ¾¿Â)¾ Í
(xn, yn) → (x, y)

Ù,æ ÁaºÈ³8Ï¯É Í ¸¹´'¾gÌ�º Í » Ö ¾ Í Æ}¸ÁÀÃÌ2Ò�ÅC¸4³µÌ¿¼�Ï)³µÌ�º Ù é
ò ×2Â8· Í ¸¹èIÐ Ù

|(xn, yn) − (x, y)| 5 |(xn, yn) − (xn, y) + (xn, y) − (x, y)|

5 |(xn, yn − y)| + (xn − x, y)| 5 ‖xn‖ ‖yn − y‖ + ‖xn − x‖ ‖y‖ → 0.

�

ó%�



l monqpsrutwv@x Õ

� �ÐÖØ×�{}| × �^� Ù Ú � | ��� � ÛË| �[{}� | � Ü Ý Ú�� Þ �
ß � �áà Ú ß ~ �

��!_�L6�"%AB)�����, �E��:�!#4E��68�����(:&CB�(��/�"�6�:�$�=F^�5j!*, 5� IP�/�"-,7<� 0"%, 5@�1��$&��+&4( K"_^�2	!%�(:m~��8nz�8WN68$�= Y1PIH�Y1�I��¸¨ó_º� �!#P
Y�, Y1�1, �&.0$&��AB=v�8�
���)� âÐãeä=���Þ�%�@��åÉæ���������ËhËX� �h�`��åèçÎé�êëæ��ì�	ìjí �
£¥¤8¦¨§2©
ª@«�x.¯¬®¯¬±° ²f»Ë¾ Ö (X, ‖·‖) ÉEÊËÆ}ÌÈ¶ü¼ Í ³8ÂåÆÕ¼½´ ä Y ⊂ X ä x ∈ X

Ù ° ²¥³µ´a»Ë¾gÌ8¸ É Í¿Î Ì y∗ ∈ Y
æ ´8³aº?×2ÛTÆïÉ Í ¸ é¾¿Ï�¾gÌ8¸ Ì=Ê
»Ë¾ Í

‖x − y∗‖ 5 ‖x − y‖ ∀y ∈ Y,ÓÕÏ)Å Í ¾T´®¸ â Ï Ó0¾µ¸ »½¾)Ð�×åÆ}Ì8»CÏ)Å½Å0¸ »½Ð ¾TÌ�º x
´È×2ÂQ¾TÌ

Y
Ù

£¥¤8¦¨§2©
ª@«�x.¯¬®Fx ° ²f»Ë¾ Ö (X, ‖ · ‖) ÉfÊËÆ}Ì8¶`¼ Í ³8ÂåÆÕ¼½´ ä Y ⊂ X ä x ∈ X
Ù¥ë Æ Î4Ý Ì�º)¼ ÍáÖ ¶¥´8×2Â8»Ë¾g´®»}Ð�¾TÌ�º x

´È×2Â¾gÌ
Y
¾2Ð@³�×2Ì8»CÂ)¾)Ð.¾T´

d(x, Y ) := inf
y∈Y

‖x − y‖.²¥×2Ì¿¼ãÏ)³ Ö ¶,Ï)³¿´ì»Ë¾TÌ2¸ É Í¿Î Ì y∗ ∈ Y
ÓÕÏ)Å Í ¾T´®¸ â Ï ÓC¾¿¸ »Ë¾)Ð�×åÆ}Ì2»ÕÏ�Å½ÅC¸ »}Ð ¾gÌ�º x

´8×2Âì¾gÌ
Y Í Û8³

‖x − y∗‖ = d(x, Y ).

��!SPf K:&2�Z%;I"%,9�]CD�z���1�(+&"-=9�&��:�/�"�!SP�2z���1��$*�*PLY(Z3��!&,  �!3^�2s�1$&�� K"3.I.D=  K"_^�2]4�!%�&2]!%�h K�&2������f���14{!_���(�1��= �
�1$&�( K"3.I.D=vo*��:�/�"N"%= 2���,KZ32���5@:��14�;8^�$&��5@�1"_�1"%$*�� K/1Z\2�P�5@+&,9)� �!%�� IP�5��
ÅNÆ�Ç.¤ ¡ ©�¢dx.¯¬®¯¬L£�ÅNÆ®©eÆ�îÃ¦ïÇKðBÆI«|ñ�Æ�Ç.¤ ¡ ©�¢�ñ�Æ�Ç.¤8¦ï¢Ç«|òC¤IªÃ§#Æ�ó&óµ¦¯§#Æ�Ç8¦} ¨ ° ²f»Ë¾ Ö Y

ºÃ×2Â¨É Ö ÆÇÌ8¶ü× Í × Í ÆC´®»Õ¼ãÏ)³IÐ?¶·2¸4Û®»Ë¾T´®»½Ð?¶ Í ³8ÂÈ¶ñÉEÊËÆ}Ì�ºQ¼ Í ³ÈÂåÆÕ¼Ë´ (X, ‖ · ‖) ÀÃ´®¸ x ∈ X
Ù@� Â)¾ Í ºÃ×2ÛTÆ�É Í ¸ y∗ ∈ Y

¾¿Ï�¾TÌ2¸ Ì=Ê
»Ë¾ Í
‖x − y∗‖ = inf

y∈Y
‖x − y‖.

óS®



« Ð�Ó Ù ºÃ×2ÛTÆ�É Í ¸ â Ï ÓC¾¿¸ »Ë¾)Ð�×åÆÇÌ2»CÏ)Å½Å0¸ »½Ð ¾gÌ�º x
´8×2Â]»½¾gÌ8¸ É Í¿Î ´�¾TÌ�º Y

Ù
ò ×2Â8· Í ¸¹èIÐ ÙdM��1"-,F+*Ug!_� Y

"-= 2���,�:��14�;8^�$&��5]!%��:
X
Z_�1"_!_��,�4�!*,�!%�

0 ∈ Y
��V WX$&���&2

y∗
"-= 2���,�Y(Z_��!*,  �!SP

�1$&�( KZ3.I.D,  IPIHK!*4�!#" ‖x − y∗‖ 5 ‖x − 0‖ = ‖x‖ ��M��(�(/�Z32�^�5���$#68"-=82��G�&2���o*P�!SU� K��:�/�"N!_� y∗
�&2�)�/1"_ 0�E K"

 �!%��, ;I"-=v�
y
!_��:

Y
.D,9��!_�G�(�1�8=9� ‖x − y‖ 5 ‖x‖ ��M�= 2���,I4(/�^�5�Y(���1,F6�4E2��m/�"3.0����<� K��:�/�"X�1= .0�E!%�L K�&2��������:�!#4D�e>X��$&��!SP�$&�(��/�"N���8,7�14�2�4�!*,D�&2

y ∈ Y
/�" ‖x − y‖ 5 ‖x‖ HK!*4�!#"NCD�GZ%;I�(:�/1" p

‖y‖ = ‖y − x + x‖ 5 ‖x − y‖ + ‖x‖ 5 ‖x‖ + ‖x‖ = 2‖x‖.
¾ "_^�$*����/�"m"3�(�(/�Z32�^�5�!_�� K�&2������

S := {y ∈ Y : ‖y‖ 5 2‖x‖} �E��� S
"-= 2���,R6���"-,  �!#4h6���,�AD$&�&.0/�Z32��

:��1�� K�&2������l"32�4�5j.0$*��/�/(,768�(�G;8<�$&�(:m�1"_�1"%$&�� K/�Z32�P�5�+&,9)� �!%�� IP�5�HK68��,K)�$&�G"%= 2���,I K:�/��1�&.0Z%5��
¾ "_^�$*����/�"N!SPL K:&2�)�$*!SP� IP

f : S → R
/�"

f(y) := ‖x − y‖ �  f
"-= 2���,K K:&2�"%;8U�5�HK��AB�(�

|f(y) − f(x)| 5
∣∣∣‖x − y‖ − ‖x − z‖

∣∣∣ 5 ‖x − y + z − x‖ = ‖y − z‖.
M��1��/�Z32&^�5@P

f
����/&Y()&2�"-,0 �!_�

S
"_��)�;K,  �!%�0H0+*P��I��:��1)�$&;I"-,

y∗ ∈ S
HI!#Z_!_�8, �l<� �!#"

‖x − y∗‖ = inf
y∈S

‖x − y‖.
M��(,F����Z%��2�HK�&2

y ∈ Y \ S
HI!#4�!#" ‖y‖ > 2‖x‖ H0�(�14�!*"

‖y − x‖ = ‖y‖ − ‖x‖ > 2‖x‖ − ‖x‖ = ‖x‖ = ‖x − 0‖ = ‖x − y∗‖,
��AD���

0 ∈ S
�

�ô$õ�öÇõNý0�ãöB�?�O�O�  :��141CD"% IPL4�!*,B� Y
"-= 2���,0:��14�;8^�$&�(5��("3�("_$&�� K/�Z32�P�5	+�,F)� �!%�� IP�5|"%= 2���,�Y(�� 0,F6(UI� ¾ "_^�$#U&[

 �!#"&HR.D,9�]�(��$*)�+&"-, .0/1�8HQ!_�h;8<�$*� (
C
[
0, 1

2

]
, ‖ · ‖∞

) HQ68��,RZ% �!_^
P
�f:��(4�;8^�$*��5�4���^�2L!3^�2z�1����:�^�2���/�^�28�

V MO �!_^h��684�/�P
f(x) := 1

1−x

�?>X$&��AD�&2�<�5
f ∈ C

[
0, 1

2

] � ¾ "3^�$*U� �!*"?!#<�$*��!#P�2���68�����(:&CR=9�
pn(x) =

n∑

k=0

xk �
��4�!#"

lim
n→∞

pn(x) = f(x)
H�+#P��I�

f(x) =
∞∑

k=0

xk 68��,#PX K"-,F$&)N 0:&.K6(�1= 2�"-,*�(/1��,94(/���$&AD�8��n�P��I� ∀ε > 0 ∃N ∈

N :
∣∣f(x) − (1 + x + · · · + xN )

∣∣ < ε
H
0 5 x 5 1/2

��M��1��/�Z32&^�5X�&2|:��1)�$&;I"-,1Y(Z_��!*,  �!SPG�1$&�� KZ3.I.D,  KPm!#P�5
f
���14G!%��2

P
H8Z% �!_^

p∗
H1CB�'�1$&Z_�1"-,(2��m,768�&2��(�1�8,F"-= ‖f − p∗‖ = 0 ⇒ f = p∗ ⇒ p∗(x) = 1

1−x 6∈ P
H()�!%�(�1�0�

���3� ô ���Q�Gõ��g�{���jí=�f�÷ö]ãeä=���Þ�%��Ê±�øæ���������Ë�Ëd� ����Êo�
MO+*<�CD����;I����P�CD����/�"N/�"j!#P�2'�1"%$&=9��!_^� IP��1$&�( KZ3.I.D,  IP�5@���14E:��(4�;8^�$*��:�5j68��,(CD��+*<� K�(:�/1"j K:&2&C0U�68"_5X:��14
!*, 5	�(�1��=v"%5XPmY(Z3��!&,  �!SPL�($*�� KZ3.I.D,  IPL"-= 2���,I/���2���+�,76�UI�

¾ �G�&"36I, 2�U� K��:�/�"X/�"@+*���]�($�,  K/�����5��
£¥¤8¦¨§2©
ª@«�x.Fx.¯¬±° ²f»Ë¾ Ö (X, ‖ · ‖) ÉfÊËÆ}Ì8¶,¼ Í ³8ÂÞÆC¼½´ Ù,ë ³�Ì¿¼ãÛ Ý Ì�º)¼ Í ¾TÌQ»CÒ8³�ÌÔÓÕÌ S := {x ∈ X : ‖x‖ = 1}¼ÇÌ)³¿´®·8¸¹´ Î ´ì»0�Õ´ Î ÆÕ´ì¾TÌ�º X

æ Ö ¶�×åÆ}Ì8¶,¾)Ð ³ÈÂåÆÕ¼Ë´ ‖ · ‖ é2Ù
óS²



£¥¤8¦¨§2©
ª@«�x.Fx.Fx ° ²¥³µ´ º?×2Ì2»ÕÒ8³µÌÔÓÕÌ
K Í ³8ÂÈ¶=Å2ÆC´µ¼�¼Ç¸ÁÀÃÌ2Ò,ÉEÊËÆ}Ì�º X

ÓÕÏ)Å Í ¾T´®¸ãÀ0ºTÆ½¾¿Â�´È³�ÅC¸¹´ ÀÃÛ®Ü Í x, y ∈ KÀ@´®¸ÇÅ0¸4´�ÀÃÛ®Ü Í λ ∈ (0, 1) : λx + (1 − λ)y ∈ K
Ù

ô$õ�öQ}ã÷½ø½þ¯úEû õO� ��!%�z��;8U�/��E`8�¯ó�!%�
A, B

"-= 2���,868:�$#!*)8HK"\2�<a!_�
C, D

"-= 2���,0/�PG68:�$#!#)8�

ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ùù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù�ù

ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�úú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú�ú

û�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�ûû�û�û�û�û�û�û�û�û�û�û

ü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�üü�ü�ü�ü�ü�ü�ü�ü�ü�ü

A B C

D

��;8U�/1�G`8�¯ó p >X��$&��+*"-= .0/���!%��68:�$#!S<�2m6���,0/�PG68:�$#!S<�2� K:&2�4���^�2
À ¤Iª8§S¢Ç§ ¡ x.Fx.¯¬±° ²f»Ë¾ Ö Y

Ï�³µ´I¶�ºÃ×2Â¨É Ö ÆÇÌ8¶ Í ³8ÂÈ¶ ÉEÊËÆÇÌµº ¼ Í ³8ÂÞÆC¼½´ (X, ‖ · ‖) ÀÃ´®¸ x ∈ X
Ù ° ²f»Ë¾ Ö B ¾TÌ»CÒ8³�ÌÔÓÕÌ�¾ Ö ³ â Ï Ó0¾¿¸ »Ë¾ Ö ³'×åÆ}Ì8» Í Å½Å Î » Í�Ö ³�¾gÌ�º x

´8×2Âì¾gÌ)³
Y
ÙX� Â)¾ Í ¾TÌ B Í¿Î ³¿´®¸½À.ºïÆË¾µÂ Ù

ò ×2Â8· Í ¸¹èIÐ ÙÂWN2g!_� B = ∅ H�!#4�!*"f��,  0;I:�$&,  K/�4�5g"-= 2���,O�1$*��AB�&2&<�5s����P�C0U�5��ýV MO �!_^þ!S<�$*�
y1, y2 ∈ B �n�P��I�tCD�d,  K;I��"-, ‖x − y1‖ = ‖x − y2‖ = d(x, Y )

�uV MO �!3^
λ ∈ (0, 1)

� ¾ Z_���(:�/1"E2���+*"-=v�*��:�/�"E4�!&,
λy1 + (1 − λ)y2 ∈ B �

‖x − (λy1 + (1 − λ)y2)‖ = ‖λ(x − y1) + (1 − λ)(x − y2)‖

5 λ‖x − y1‖ + (1 − λ)‖x − y2‖

= λ d(x, Y ) + (1 − λ) d(x, Y ) = d(x, Y ).

��:&2�"_��<�5@!%�
λy1 + (1 − λ)y2 ∈ B H86���,0)�$*��!%� B "-= 2���,868:�$#!#4D�

�ô$õ�öÇõNý0�ãöB�?�O�O� ����/�AD^�2��j/�"�!SP�2�>X$&4�!%�� IPj`8�F`8�¯ó�H&�1��$&��!SP�$*����/�"e4�!&,*4�!_�&2��1$&�( 0"\.I.D=vo&�(:�/�"����14@:��14�;8^�$&�0H
!#4�!#"XUE+&"32m:��1)�$&;I"-,�Y(Z_��!*,  �!SP]�1$&�( KZ3.I.D,  IPIHIUL:��()�$*;I"-,K��68$�, Y1<�5@/1=v�8HIUE:��1)�$*;I��:&2m)��("%,9$*"%5��

��!SPl K:&2�Z%;I"-,F�GCD�E"%�*"_!#)� 0�(:�/�"�;8<�$&��:�5� �!%�(:�5	�(�1�8= �(:�5@PGY(Z3��!&,  �!SPl�1$*�� KZ3.I.D,  IPE.D,9�G68)&CD"� �!%��, ;I"-= �
!_��:a;8<�$*��:u6���,����14ÿ6�)&CD"h:��14�;8^�$&4�!_��:t�1"_�1"%$*�� 0/�Z32&P�5�+&,9)� �!%�� IP�5g��$&=vo*"_!%��,�6���!#)t/���2���+�,7684a!#$*4(�1�D�
��Z_!_�8, ��,D"-= 2���,K�8,K��:� �!SP�$*)m68:�$#!%�8=K;8<�$&��,J�
£¥¤8¦¨§2©
ª@«�x.Fx.F� ° ²f»Ë¾ Ö (X, ‖ · ‖) ÉfÊËÆ}Ì8¶6¼ Í ³ÈÂåÆÕ¼Ë´ Ùãð Ï�¼ Í Â)¾¿¸ËÐì¼ÇÌ�³µ´®·2¸4´ Î ´]»0�Ë´ Î ÆÕ´=¾TÌµº X Í¿Î ³µ´®¸0´ÈºI»Ë¾)Ð¿ÆÕÛÀ.ºïÆ½¾)Ä�´8³]¸ »)ÉfÒ Í ¸

x, y ∈ X, x 6= y, ‖x‖ = ‖y‖ = 1 ⇒
∥∥∥∥

x + y

2

∥∥∥∥ < 1.

� Â)¾ Í ÓÕÏ¿¼ ÍìÍ × Î »½Ð?¶�Â)¾¿¸üÐX³ÈÂåÆÕ¼Ë´ ‖ · ‖ Í¿Î ³¿´®¸Ñ´®º®»Ë¾2Ð¿ÆCÛ�À.ºïÆ½¾)Ä ä Ä�´IÀÃÂ�¼
Ð�Â)¾µ¸�Ì (X, ‖ · ‖) Í¿Î ³¿´®¸Ñ´®º®»½¾)Ð¿ÆCÛÀ.ºïÆ½¾¿Â8¶ñÉEÊËÆÇÌ8¶V¼ Í ³ÈÂåÆÕ¼Ë´ Ù
ó ·



ô$õ�öQ}ã÷½ø½þ¯úEû õO� WN2	CD"_^�$*U� K�(:�/1"�!SPE/���2���+�,F��=v�' KAB��=v$*�m �!%�L;8<�$&� (
R

2, ‖ · ‖2

) b Y1�I� (i)
 �!_�l��;8U�/���`8�F` c"-= 2���,��1$*��AB�&2�Z%5s4�!*,��&2

x 6= y, ‖x‖2 = ‖y‖2 = 1 ⇒
∥∥x+y

2

∥∥
2

< 1
�rWj2d4�/�^�5sCB"3^�$*U� K��:�/�"s!SP

/���2���+&,9��=9�] KAB��=9$&�E �!%�f;8<�$&� (
R

2, ‖ · ‖∞
) b Y1�I� (ii)

 �!_�h��;8U�/��z`8�F` c HD!#4�!#" ‖x‖∞ = ‖y‖∞ = 1
HB������)

6���, ∥∥x+y
2

∥∥
∞ = 1

�
||x|| = 1

2 ||x|| = 18

x

y

(x+y)/2

(x+y)/2x y

(ii)(i)

−1 1 −1 10 0

��;8U�/��E`8�F` p
ô$õ�öÇõNý0�ãöB�?�O�O� ~�"_^�/�"_!#$�,768)8H�P	/���2���+�,F��=v�N KAB��=v$*�NCD�@"-= 2���,���:� �!SP�$*)X68:�$#!#U@�&2@+*"32j�("_$�,FZ%;I"-,�"%:&CD�&.0$&��/�/��
!#/�U�/���!%�8�
 O¡ ©Ñ©�¢dx.Fx.¯¬ ° ²f»Ë¾ Ö (X, ‖ · ‖) ÉEÊËÆ}ÌÈ¶V¼ Í ³8ÂÞÆÕ¼Ë´ ÙN� ´ì´IÀÃÂÔÓÕÌµºIÜ®´ Í�Î ³¿´®¸Õ¸ »?Ì2·8Ò8³µ´µ¼Ë´@í

(i)
ë

(X, ‖ · ‖) Í¿Î ³µ´®¸Õ´®º®»Ë¾2Ð¿ÆCÛ�À0ºïÆË¾¿ÂÈ¶ñÉEÊËÆ}ÌÈ¶ Ù
(ii)

ò ³
x, y ∈ X

¼ Í ‖x + y‖ = ‖x‖ + ‖y‖ ä ¾¿Â)¾ Í ¾T´ x, y Í�Î ³¿´®¸}Å2ÆÕ´µ¼ã¼Ç¸ÁÀ@Êü¶ Í èg´TÆ½¾)ÐÃ¼�Ï)³¿´ Ù
ò ×2Â8· Í ¸¹èIÐ Ù
(ii)⇒(i)

V MO �!3^�4�!&,I,  0;I��"%,KP
(ii)
�e��4�!#"NZ3�("3!%��,I)�/�"% K�m4�!*,8�&2|!_�

x, y
"-= 2���,1.0$&��/�/1,F6(<�5X�&2�"%�&)�$#!#P�!_�8H�!#4�!#"

‖x + y‖ < ‖x‖ + ‖y‖.

V MO �!_^
x, y ∈ X

H
x 6= y

/1" ‖x‖ = ‖y‖ = 1
��V M� �!_^

α, β ∈ R
/�"

αx + βy = 0
����4�!*"

0 = ‖αx + βy‖ =
∣∣∣‖αx‖ − ‖βy‖

∣∣∣ =
∣∣∣|α| ‖x‖ − |β| ‖y‖

∣∣∣ =
∣∣∣|α| − |β|

∣∣∣

⇒ |α| = |β| ⇒ α = ±β.

V WX$&�
α(x ± y) = 0

HK68��,K 0:&2�"_��<�5�"-= !#"
α = β = 0

H0�(�14�!#"N!_�
x, y

"-= 2���,�.0$&��/�/I���&2�"%�&)�$#!SP�!%�8H8U
x = −y

�
WN2|!%�

x, y
"-= 2���,I.0$*��/1/I���&2�"%�&)�$#!#P�!_�8H8!#4�!*" ∥∥x+y

2

∥∥ = 1
2‖x + y‖ < 1

2 (‖x‖ + ‖y‖) = 1
�

WN2
x = −y

HI!#4�!*"N�($*��AD�&2�<�5 ∥∥x+y
2

∥∥ = 0 < 1
�

(i)⇒(ii)
W@$*6�"-=�2���+*"-=v�*��:�/�"�4�!&,I�&2m+&"32m,  K;I��"-,KP

(ii)
HK!#4�!#"X+&"\2�,  0;I��"%,0P

(i)
��Wj2m+*"32�,  K;I��"-,0P

(ii)
HK!*4�!#"

CD�G:��1)�$&;I�(:&2
x, y

.0$&��/�/1,F6(<�5��&2�"%�*)�$*!SP�!%�|!*Z3!%�8,F�G<� �!#" ‖x + y‖ = ‖x‖ + ‖y‖ �eW@5@:��1�1CDZ% K�(:�/1"X;8^�$�= 5
óS½



Y1��)*Y1PG!SP�5@.0"32�,7684�!SP�!%��5�4�!*, ‖x‖ 5 ‖y‖ ��q@$�=9o&��:�/�"
x∗ =

x

‖x‖
6���,

y∗ =
y

‖y‖ .

��4�!#"X�1$&�(AB�&2�<�5 ‖x∗‖ = ‖y∗‖ = 1
6���, b "3�("%,9+#UG!%�G!%� x, y

"-= 2���,�.0$&��/�/I���&2�"_�&)�$*!SP�!_� c x∗ 6= y∗
�

V W@$*����$*6�"-=82���+*"-=v�*��:�/�"N4�!*, ∥∥∥x∗+y∗

2

∥∥∥ = 1
HIUL,  0�(+&�&2���/1�8HK4�!*, ‖x∗ + y∗‖ = 2

�

‖x∗ + y∗‖ =

∥∥∥∥
x

‖x‖ +
y

‖y‖

∥∥∥∥ =

∥∥∥∥
x

‖x‖ +
y

‖x‖ −
(

y

‖x‖ − y

‖y‖

)∥∥∥∥

=
1

‖x‖ ‖x + y‖ −
∣∣∣∣

1

‖x‖ − 1

‖y‖

∣∣∣∣ ‖y‖

=
1

‖x‖ (‖x‖ + ‖y‖) −
(

1

‖x‖ − 1

‖y‖

)
‖y‖ = 2.

�V W@$*�E 0��/�A0^�2��L/1"	!%�z©�U�/�/1�L`8�F`8�¯ó�/��1��$*����/�"�"32���������6�!*,F6�)E2��E+*<� K��:�/�"�68��,D!_��2L��684�����:&CD�z�($�,  K/�4
!SP�5���:� �!#P�$#U�5@68:�$#!*4�!SP�!%��5��
£¥¤8¦¨§2©
ª@«�x.Fx. � ° ²f»Ë¾ Ö (X, ‖ · ‖) ÉEÊËÆ}ÌÈ¶]¼ Í ³8ÂåÆÕ¼½´ Ù�ð Ï�¼ Í Â)¾¿¸ñÐ�³8ÂÞÆÕ¼Ë´ ‖ · ‖ Í¿Î ³¿´®¸ã´ÈºI»Ë¾)Ð¿ÆÕÛ À.ºïÆË¾2Ä æ Ð¼ÇÌ)³¿´®·8¸¹´ Î ´ì»0�Õ´ Î ÆÕ´ì¾TÌ�º (X, ‖ · ‖) Í¿Î ³µ´®¸Õ´®º®»Ë¾2Ð¿ÆCÛ�À0ºïÆË¾)Ä ä Ì (X, ‖ · ‖) Í¿Î ³µ´®¸Õ´ÈºI»Ë¾)Ð¿ÆÕÛ�À0ºTÆ½¾¿ÂÈ¶ é ´8³]¸ »)ÉfÒ Í ¸

x, y ∈ X : ‖x + y‖ = ‖x‖ + ‖y‖ ⇒ x, y
Å)ÆÕ´µ¼ã¼Ç¸ÁÀÃÛ Í èg´TÆË¾)ÐÃ¼�Ï)³¿´ .

¾ �G���1��+*"-=v�*��:�/�"�!#<�$*��!SPE/1��2���+�,7684�!SP�!%��!SP�5XY(Z_��!*,  �!SP�5��1$&�( 0Z\.I.D,  IP�5' K"@��:� �!SP�$&)�6�:�$*!%�(��5@;8<�$&�(:�5��
ÅNÆ�Ç.¤ ¡ ©�¢dx.Fx.¯¬±° ²f»Ë¾ Ö (X, ‖·‖) Ï)³¿´I¶ ´ÈºI»Ë¾)Ð¿ÆÕÛ,À0ºïÆË¾¿ÂÈ¶½ÉEÊËÆ}ÌÈ¶ü¼ Í ³8ÂÞÆÕ¼Ë´ ÙÇò ³`Ì Y Í¿Î ³µ´®¸®Ï�³µ´I¶Eº?×2Â¨É Ö Æ}ÌÈ¶¾gÌ�º

X ä ¾¿Â)¾ Í ∀x ∈ X
ºÃ×2ÛTÆ�É Í ¸Ç¾TÌì×2ÌÔÓÕÒ�¼ Î ´ â Ï ÓC¾¿¸ »Ë¾)Ð�×åÆÇÌ2»CÏ)Å½Å0¸ »½Ð ¾gÌ�º x

´8×2Âì¾gÌ)³
Y
Ù

ò ×2Â8· Í ¸¹èIÐ Ù'Wj2 x ∈ Y
H�!#4�!*"'Pf/���2���+�,76�UEY(Z_��!*,  �!SPf�1$&�( 0Z\.I.D,  IP{!_��:

x
���14h!_��2

Y
"-= 2���,Q�1$*��AB�&2&<�5|!_�

=9+�, �L!%�
x
�

V MO �!3^�����,F�14�2
x 6∈ Y

68��,
y1
H
y2
Y(Z3��!&,  �!#"%5'�($*�� K"3.I.D=  K"-, 5	!%�(:

x
���14z!%��2

Y
�jn�P�����+#U ‖x − y1‖ =

‖x − y2‖ = d(x, Y )
�O��4�!#"

∥∥∥∥x − y1 + y2

2

∥∥∥∥ =

∥∥∥∥
x − y1

2
+

x − y2

2

∥∥∥∥ 5
1

2

(
‖x − y1‖ + ‖x − y2‖

)
= d(x, Y )

⇒ ‖(x − y1) + (x − y2)‖ = 2 d(x, Y ) = ‖x − y1‖ + ‖x − y2‖.

M��1"-,F+*U|�
X
"%= 2���,���:� �!#P�$*)@68:�$#!*4(5�H1Z_�1"_!%��,�4�!*,

x−y1
68��,

x−y2
"-= 2���,�.0$&��/�/I�e"%�*��$*!SP�/�Z32��8H1)�$&��:��1)�$*;I"-,

λ ∈ R : x − y1 = λ(x − y2) ⇒ (1 − λ)x = y1 − λ y2
��MO�1"-,F+*U

y1 − λ y2 ∈ Y
68��,

x 6∈ Y
H0CD�G�1$&Z_�1"-,

�&2��&.K68�� �!&,768)
λ = 1 ⇒ y1 = y2

�
�nG"-= ;�2���:�/�"N!S<�$&��6���,K!_�z�&2�!*=  �!#$&��AD�G!%��:��1$*�(P�.0����/�"32���:|CD"_^�$#U�/���!%��5��

óS¿



ÅNÆ�Ç.¤ ¡ ©�¢dx.Fx.Fx ° ²f»Ë¾ Ö (X, ‖ · ‖) Ï)³¿´I¶�¼ÑÐX´®º®»½¾)Ð¿ÆCÛ$À0ºïÆË¾¿ÂÈ¶,ÉEÊËÆ}ÌÈ¶�¼ Í ³8ÂåÆÕ¼½´ Ùý� Â)¾ Í º?×2ÛTÆ�É Í ¸áÏ)³¿´I¶ºÃ×2Â¨É Ö Æ}Ì8¶ Y
¾gÌ�º

X
ÀÃ´®¸ÇÏ)³¿´

x ∈ X ä ¾¿Ï�¾TÌ2¸4´�Ê
»Ë¾ Í ³¿´ ºÃ×2ÛTÆ�ÉãÌµºÈ³�·8Ò®Ì æ ÀÃ´®¸Ç»½ºÈ³ Í ×)Êü¶=Û8× Í ¸ Æ Í ¶ é â Ï ÓC¾¿¸ »Ë¾ Í ¶×åÆ}Ì8» Í Å½Å Î » Í ¸ ¶]¾gÌ�º x
´8×2Â=¾TÌ)³

Y
Ù

ò ×2Â8· Í ¸¹èIÐ Ù	WXAB�(�l� (X, ‖ · ‖) +*"32]"-= 2���,R��:� �!SP�$*)l68:�$#!*4(5'CD�z:��1)�$&;I�(:&2 u, v ∈ X
H
u 6= v

H�68��, ‖u‖ =

‖v‖ =
∥∥u+v

2

∥∥ = 1 b Y1�I�Oq@$&,  K/�4z`8�F`8�Fk c �¾ Z_!_��:�/�"
Y := span(u − v) = {λ(u − v), λ ∈ R} 68��, x := −v

� ¾ �f+&"-=9�&��:�/�"|4�!*,Q!%�
y1 := 06���,D!%�

y2 := u − v
"-= 2���,IY(Z3��!&,  �!#"%5'�($*�� K"3.I.D=  K"-, 5'!%�(:

x
���14z!%��2

Y
� ¾ Z_!%�(:�/1"	��6�4�/�P

y := u−v
2

H b Y1�I���;8U�/��E`8�Fk c HI68��,8CD�G+&"-=9�&��:�/�"j4�!&,
‖x − y1‖ = ‖x − y2‖ = ‖x − y‖.

0 = y
1

y
2

Y

x

y

��;8U�/��E`8�Fk p
>X$&)&.0/���!*,JH

‖x − y1‖ = ‖x‖ = ‖ − v‖ = ‖v‖ = 1,

‖x − y2‖ = ‖ − v − (u − v)‖ = ‖ − u‖ = ‖u‖ = 1,

‖x − y‖ =

∥∥∥∥−v − u − v

2

∥∥∥∥ =

∥∥∥∥−
u + v

2

∥∥∥∥ =

∥∥∥∥
u + v

2

∥∥∥∥ = 1.

� �1�1CDZ_!_��:�/�"�!#<�$*�|4�!*,8:��1)�$&;I"-,
y∗ ∈ Y

!#Z_!%��, �G<� �!#" ‖x− y∗‖ < ‖x− y‖ ��M��("%,9+#U y∗ ∈ Y \ {y1, y2, y}CD�aZ%;I�(:�/�"{4�!*,�:��1)�$&;I"-,�+*"-=96(!#P�5
k ∈ {1, 2} 68��, λ ∈ (0, 1) p y = λyk + (1 − λ)y∗

� b >X$&)&.0/���!*,JH
y∗ ∈ Y ⇒ y∗ = µy2

�'M��1��/�Z32�^�5�H��&2
µ > 1/2

H�!*4�!#"|!_�
y
.0$&)�AD"_!%��,R^�5m6�:�$*!#4�5| K:&2�+&:��� K/�4�5'!_^�2

y16���,
y∗
HK"32�<ÿ�&2

µ < 1/2
H0!#4�!*"N!%�

y
.0$&)�AD"_!%��,I^�5@68:�$#!*4(5@ K:&2�+*:��� 0/�4(5@!_^�2

y2
68��,

y∗
� c qX�14�!#"

‖x − y‖ = ‖x − (λyk + (1 − λ)y∗)‖ = ‖λ(x − yk) + (1 − λ)(x − y∗)‖

5 λ‖x − yk‖ + (1 − λ)‖x − y∗‖

< λ‖x − y‖ + (1 − λ)‖x − y‖ = ‖x − y‖,

)�!_�(�1�D�O��:&2�"_��<�5@!%�
y1
6���,K!_�

y2
"%= 2���,(Y(Z_��!*,  �!#"%5��1$&�� K"3.I.D=  K"-, 5	!_��:

x
���14]!_��2

Y
�

�ô$õ�öÇõNý0�ãöB�?�O�O� M�=9+&��/�"�4�!&,0!%�z�1$&4�Y1��P�/1�E!SP�5'�1$*�� KZ3.I.D,  IP�5'���(4sZ\2��&2G:��14�;8^�$*�z���&2�"_!_��,B/���2��� IU�/��&2�!_�
4�!%�&2�Y($&,  I684(/1�� �!#"� �VIZ32��&2E��:� �!#P�$*)G68:�$*!#4z;8<�$*�z/�"@2�4�$*/�� b :��()�$*;I"-,B+#P�����+*UG.D,9�E68)&CD" x

!%� ×2ÌÔÓÕÒ�¼ Î ´
`�¹



Y(Z_��!*,  �!SPs�1$&�� KZ3.I.D,  KPf���14{Z32��&2]:��14�;8^�$&� c �	V q@/�^�5�:��1)�$*;I��:&2]:��14�;8^�$&�8,R6���,� K"|/�Pz��:� �!SP�$&)]68:�$*!_����5;8<�$*��:�5L.D,F��!_��:�5z�1�(��= ��:�5L!%�d�($*4�Y1��P�/������&2�"_!%��,e/���2��� IU�/��&2�!_�8� b V qX!&,���:�!#4u+*"32{ K:�/&Y(��= 2�"%, Å0¸4´�ÀÃÛ®Ü Í:��14�;8^�$&�L68��, ÅC¸¹´�ÀÃÛ®Ü Í x
!_�l���1��+*"-=v�*��/1"N �!_� ¾ "_<�$#P�/��G`8�F`8�F`8� c

¾ �G+*<� K�(:�/1"N!#<�$*�G/�"%$�,768)��1��$&��+*"-= .0/���!%�G��:� �!SP�$&)�68:�$#!S<�2m6���,0/�PE��:� �!#P�$*)�68:�$#!#<�2m;8<�$*^�2��ô$õ�öÇõã÷½ø½ù4úfûüõãý0õO�
ó���V MO �!3^

1 < p < ∞ ����4�!#"��8,0;8<�$&��,D/�"X2�4($&/��
(C[a, b], ‖ · ‖p)

H
(C[a, b], ‖ · ‖w,p)

68��,
(Rn, ‖ · ‖p)"-= 2���,0��:� �!SP�$&)m6�:�$*!_�8=¬�

`8�jq�,D;8<�$*�8,
(C[a, b], ‖ · ‖∞)

6���,
(C[a, b], ‖ · ‖1)

+*"32�"%= 2���,I��:� �!SP�$&)�68:�$#!%��=¬�
>@)�$#!*"��K�F;R�f!*, 5l K:&2���$*!SU� K"-, 5

f(x) = x
6���,

g(x) = x2  �!%��¸7¹8H¯ó_º»�{q�, f
6���,

g
"-= 2���,Q.0$&��/�/1,F6�)

�&2�"%�*)�$*!SP�!#"%5 b ú`þÿõNý�ù � c H�4(/�^�5 ‖f + g‖∞ = maxx∈[0,1] |x + x2| = 2
H ‖f‖∞ = 1

6���, ‖g‖∞ = 1
�

V W@$*� ‖f + g‖∞ = ‖f‖∞ + ‖g‖∞
�

q@/��8=9^�5@6���,I.D,F�G!%��2
(C[0, 1], ‖ · ‖1)

�

`.ó



l monqpsrutwv@x �

� �ÐÖØ×�{}| × �^� Ù Ú � | ��� � ÛË| �[{}� | � Ü Ý Ú�� Þ �
ß � � | � × �èÚ�{ã� à � {È�áà ß �s��� �

Wj2���!#$&Z%�#!#"z �!*, 5f>@��$*�&.0$&)�AD��:�5z®8�¯óf68��,�®8�F`d!_��:d�	"%AB������= �(:g®g!%��:�Y�, Y1�1= ��: p ~��Onz�OWX68$&=7Y1P�5�H��@��Wm�nG�(:&.0����U�5�H ²6¸ »Ã´¿Å Ö ÅËÄ »Ë¾)ÐÃ³ ò Æ}¸:Ü®¼
Ð.¾¿¸ÁÀ.Ä ò ³8Û�Ó.º®»}Ð b �1Z%/���!SPLZ_68+*�� IP c H8>m�7M��7�G��H  $&)�6���"%, �]`�¹�¹&�K�

`�`



l monqpsrutwv@x �

� ß � {�à ß � Ú�� �^� Ù Ú � | � � � ÛË| �[{}�
| Þ���~ Ú × �#| �w� � �

��!_�h68"_AB)�����, �f��:�!#4h��6�������:&CD����/�"&HB68:�$�=F^�5�HR!*, 5G IP�/�"-,F<� K"-, 5E�1��$*��+&4� K"_^�2L!3^�2f�X�	�X��!#)�$#PIHe¸ · º»HQ68��,
N.

L. Carothers
H�¸7k*º»�


 �)� � �'���_��������g��å æ���������ËhËX� �h�`� å ���]�Q�ì�,�����h��Êo� �
��!_�L6�"%AB)�����, �L��:�!#4�CB�m"%�&"_!#)� K��:�/�"�!SP�2��(/1��,94(/���$&A0P|�1$*�� KZ3.I.D,  IPE K:&2���$#!#U� K"_^�2�H��1��:m��$�=9o&��2�!%��,( 8V�Z32��
+&,9)� �!SP�/1�

[a, b]
H����14{ �!%��, ;I"-=9�]!%�(:

Pn
b !_��:z;8<�$*��:E!_^�2]�1����:�^�2���/�^�2GY(�&CB/��(� 5 n c � ¾ �l"_$#.0�� �!%����/�"+#P�����+*U| �!_�G;8<�$&�

(C[a, b], ‖ · ‖∞)
H(6���,8+&��CB"%=  KP�5j/1,9��5N K:&2�)�$*!SP� IP�5

f ∈ C[a, b]
H1CD�|�&2���o*P�!SU� K��:�/�"�Z32��

�1����:�<�2�:�/��
p∗n ∈ Pn

HI�1�(:m2����1$&�( 0"\.I.D=vo&"%,I!SP�2
f
��/���,94(/1�($&AD�|68��!#)|Y(Z_��!*,  �!%�z!#$*4(�1�DHI+#P�����+*U

‖f − p∗n‖∞ 5 ‖f − p‖∞ ∀p ∈ Pn.

��!SP�2N�("_$�=9��!3^� KP	��:�!SU�P ÒÃ×2´TÆ0è@Ð Y(Z_��!*,  �!3^�2��1$&�( 0"\.I.D=  0"3^�2X"_�&�� KAB���1=9o&"_!_��,����14	!%��CD"%/�"_�1,F<�+*"%5�CD"_<�$*P�/��
!SP�5jCD"_^�$&=v��5��1$&�� K"3.I.D=  K"_^�2 b Y1�I� ¾ "3<�$*P�/��m`8�¯ó��¯ó c �enG:� �!#:�;8<�5X4(/�^�5jP ¼ÇÌ)³¿´®·8¸ÁÀ@Â)¾)Ð.¾T´ +*"32	"%�*�� KAB���1=vo*"\[!_��,B���14z��:�!#)E�1�(:LZ_;I��:�/�"X�1"-,D/�Z%;I$&,0!S<�$&�E/1,F��5'6���,KPG2�4($&/�� ‖ · ‖∞ · Í ³ "-= 2���,0��:� �!SP�$&)G68:�$#!SUI�O>X��$&4������:�!#)�68��,K"%+#<ÿZ%;I��:�/�"X/���2���+&,F6�4�!#P�!_�8HK4(��^�5XCD�G+&�(��/1"X �!SPE K:&2�Z%;I"%,9�8�

~?,9�f2��{:��1�&.0$&��/�/1=  0�(:�/�"L!SP� IP�/��� 0=v�{!#P�5L��/���,94(/1�($&A0P�5E�1$*�� KZ3.I.D,  IP�5]�1��$*��!#P�$*����/�"E4�!&,�4�!_�&2f�0�F;R�
‖f − φ‖∞ < ε

HN!#4�!#"s�($*��AD�&2�<�5 ∀x ∈ [a, b] p |f(x) − φ(x)| < ε
Hj68��,�"3��,7����Z%��2g.D,9��68)&CD"s2�4�$*/��

‖ · ‖p
H�/�"

p = 1
CD�{Z%;I��:�/�" ‖f − φ‖p < p

√
b − a ε b ��AB��� ∀g ∈ C[a, b]

H ‖g‖p =
(∫ b

a |g(x)|p
)1/p

5

(b−a)1/p‖g‖∞ c ��V WX$&���&6�����Z%5�� Ì¿¼ÇÌ2¸4Â�¼ÇÌÞÆD� Í ¶ �($*�� K"3.I.D=  K"-, 5�"%= 2���,��&68����Z_5��X K"��(�1�8,F��+*U��1��!#"O2�4�$&/�� ‖·‖p
H

p = 1
�

�L��û���³��ñþJ�áûOÒ���� Wj2
f ∈ C[a, b]

68��,
p∗n

"%= 2���,�/1,F�tY(Z_��!*,  �!SP��1$&�( KZ3.I.D,  IPÿ!#P�5
f
���14�!_��2

Pn
HjCB�

`�k



 K:�/&Y(���1=vo*��:�/�"X!%�]/�Z3.0"3CD��5 ‖f − p∗n‖∞
/1"

En(f ; [a, b])
�On�P�����+*U

∀f ∈ C[a, b] En(f ; [a, b]) := min
p∈Pn

‖f − p‖∞. b �K�¯ó c
M��(,F����Z%��2�H�CD�f.0$&)�AB�(:�/�"

En(f)
�&2&!&=?.D,F�

En(f ; [a, b])
H�4�!%�&2h"-= 2���,��1$&�(AB�&2�Z%5E4�!*,e�&2���AD"%$&4(/��� �!#"G �!%�

+&,9)� �!SP�/1�
[a, b]

�
V W@$*�|!_�

En(f)
"-= 2���,8��:� 0,F�� �!*,768)�!%�L KAB)���/��m!SP�5NY(Z_��!*,  �!SP�5@�($*�� KZ3.I.D,  IP�5� �!SP�2 ‖ · ‖∞ ��V Me2��� IP�/1�*[2&!&,7684�"%$*<e!SP�/��s�(�(:s�($*�(6����1!#"-,�"-= 2���, p >N<�5L K:�/��1"%$�,FABZ_$&"_!_��,�!%� En(f ; [a, b])

68�&C0<�5
n → ∞ ±lM��1"-,9+#U

Pn ⊂ Pn+1
H ∀n

H�"-= 2���,Q�1$&��AD�&2�Z%5m4�!*,
En(f) = En+1(f)

H ∀n
� ¾ �f���1��+*"-=v�*��:�/�"m4�!*,�.D,F�f�(�1�8,F��+*U��1��!#"

 K:&2�"_;8U� K:&2�)�$#!#P� IP
f
 �!%��+�,F)� �!SP�/��

[a, b]
,  K;I��"-,

En(f ; [a, b]) → 0
H�6��&C0<�5

n → ∞ ��n�P�����+*U�/(,F�
 K:&2�"_;8U�5� 0:&2�)�$*!SP� IPE��$&,  K/1Z\2�PE �V(Z32����1"_�1"%$*�� K/1Z\2��L+�,F)� �!SP�/��G/��(�($&"-=82����1$*�� K"3.I.D,  8CD"-=D�(/��8,F4�/���$*AB��/�"
�1����:�<�2�:�/��g/�"z+*"%+&�(/1Z\2�P���6�$�= Y("-,9�8�t���u���1��!#Z_��"% K/�����:�!#4u+�,F��!*:���<�2�"_!%��,O �!_��.I2�^� �!#4dCD"_<�$#P�/���!%��:
Weierstrass

�
ÅNÆ�Ç.¤ ¡ ©�¢��C¯¬®¯¬L£

Weierstrass ¨ ° ²6»Ë¾ Ö g ∈ C[a, b]
À@´®¸

ε > 0
Ùf� Â)¾ Í ºÃ×2ÛTÆ�É Í ¸
×2ÌÔÓ.º®ÊÑ³Iº)¼ÇÌ p

¾µÏµ¾TÌ8¸ ÌÊ
»Ë¾ Í
‖g − p‖∞ < ε.

¶�� Òñ÷Ëø½þ��K� ý8³��
Bernstein

�
¾ �G��6�������:&C0U� K��:�/�"X!SP�2G���14�+*"-,F�*P�!_��:

Bernstein
�1��:�6���!%�� I68"_:�)�o&"-,8!%�lo*P�!%�(��/�"32��E�1����:�<�2�:�/��D�

�	��!%��$*;8U�28HD;8^�$�= 5XY1��)*Y1PL!#P�5@.0"32�,F6�4�!#P�!_��5�HB/��1��$*����/�"X2��G�1"%$&, ��$&,  �!_����/�"	 �!_��2
C[0, 1]

� b >@$*)&.0/���!&,�H�&2'!%�
t = (b− a)x + a

H868��,8!_�
t
68, 2�"-= !%��,I/�"_!%���*�m!_^�2

a
68��,

b
H�!*4�!#"�!%�

x
6I, 2�"-= !_��,I/1"3!%���&�|!%��:m¹m68��,�!_��:ó���V M�!# 0,

g(t) = g((b − a)x + a) =: f(x)
6���,D"%AD4� K��2�P

g
"%= 2���,0 K:&2�"%;8U�5	 �!%�

[a, b]
P

f
"-= 2���,D K:&2�"%;8U�5

 �!%�h¸7¹8H¯ó_º»�eV WX$&����$#68"-=�2��G���(�(+&"-=9�&�(:�/1"�!_�]CD"_<�$*P�/��m.D,F�G 0:&2���$*!SU� K"-, 5
f ∈ C[0, 1]

�
WN2

f
"%= 2���,�/1,9�{AB$*�&.0/1Z\2�P{ K:&2�)�$*!SP� IPh �!_��¸7¹8H¯ó_º»He��$&=vo&�(:�/�"m!SP�2{��68������:&CB=9�f!3^�2f�1����:�^�2���/�^�2f!%�(:

Bernstein
.D,9�G!SP�2

f
^�5�"_�*U�5 p

(Bn(f)) (x) :=

n∑

k=0

f

(
k

n

)(
n

k

)
xk(1 − x)n−k, 0 5 x 5 1. b �K�F` c

>X��$&��!SP�$&�(��/1"?4�!&,
Bn(f) ∈ Pn

68��,S)�/�"% K��+�,F���(,  �!S<�2�"-,#6��&2�"-= 5�4�!*,
(Bn(f)) (0) = f(0)

68��,
(Bn(f)) (1) =

f(1)
�
¾ ��+&"-=9�&�(:�/1"�!S<�$&��4�!&,-.D,9�

ε > 0
68��,

f ∈ C[0, 1]
:��1)�$&;I"%,

n0 ∈ N
!*Z3!%�8, ��5e<� �!#" ‖f−Bn0

(f)‖∞ < ε
�

~?,F�L!SP�2G���14(+&"-,F�*PE���1��, !#"-= !_��,R2��G/�"_��"_!SU� K��:�/�"@68:�$&=9^�5@!*, 5'"%�*U�5@!#$&"%, 5	"%��68����"%5@�1"%$&,F��!S<� K"-, 5 p f0(x) = 1
H

f1(x) = x
68��,

f2(x) = x2 �eWX:�!#4l"-= 2���,8!%�L�("_$�,F"%;I4�/�"32��L!_��:G��684����(:&CD��:m��U�/�/���!%�(5��
 O¡ ©Ñ©�¢��C¯¬®¯¬ æ

i
é

Bn(f0) = f0 ä Bn(f1) = f1
Ù

æ
ii
é

Bn(f2) =
(
1 − 1

n

)
f2 + 1

nf1 ä À@´®¸ËÛTÆC´ ‖Bn(f2) − f2‖∞ → 0
Ù

`&�



æ
iii
é ∑n

k=0

(
k
n − x

)2 (n
k

)
xk(1 − x)n−k = x(1−x)

n 5 1
4n ä ´8³ x ∈ [0, 1]

Ù
æ
iv
éh« Ì8Ü®Ï�³I¾gÌÈ¶

δ > 0
ÀÃ´®¸

0 5 x 5 1 ä Ïg»Ë¾ Ö F
¾gÌ�»ÕÒ8³µÌÔÓÕÌd¾ Ö ³ k ∈ {0, 1, . . . , n} ÅC¸¹´%¾T´%Ì®×2Ì Î ´

∣∣ k
n − x

∣∣ = δ
Ù@� Â)¾ Í ∑k∈F

(n
k

)
xk(1 − x)n−k 5 1

4nδ2

Ù
ò ×2Â8· Í ¸¹èIÐ Ù b i c ~?,9�G!_� Bn(f0)

Z%;I��:�/�" b ���(4L!%��2�!#���1�l!_��:G+�,7^�2���/��(: c_p
(
Bn(f0)

)
(x) =

n∑

k=0

(
n

k

)
xk(1 − x)n−k =

[
x + (1 − x)

]n
= 1 = f0(x).

~?,F�E!_�
Bn(f1)

��$*;K,F6�)��(��$*��!SP�$&����/�"N4�!*,8.D,9�
k = 1 p

k

n

(
n

k

)
=

k

n

n!

k!(n − k)!
=

(n − 1)!

(k − 1)!(n − k)!
=

(
n − 1

k − 1

)
.

V WX$&�
(
Bn(f1)

)
(x) :=

n∑

k=0

k

n

(
n

k

)
xk (1 − x)n−k = x

n∑

k=1

(
n − 1

k − 1

)
xk−1(1 − x)n−k

j=k−1
= x

n−1∑

j=1

(
n − 1

j

)
xj (1 − x)(n−1)−j = x

[
x + (1 − x)

]n−1
= x

= f1(x).

b ii c ~?,F��!%��2G:��1�����&.D,  K/�4z!%�(: Bn(f2)
Z_;I��:�/�" p

(
k

n

)2(n

k

)
=

k

n

(
n − 1

k − 1

)
=

k − 1 + 1

n

(
n − 1

k − 1

)

=
k − 1

n

(
n − 1

k − 1

)
+

1

n

(
n − 1

k − 1

)

=
n − 1

n

k − 1

n − 1

(
n − 1

k − 1

)
+

1

n

(
n − 1

k − 1

)
,
.D,9�

k = 1

=

(
1 − 1

n

) (
n − 2

k − 2

)
+

1

n

(
n − 1

k − 1

)
,
.D,F�

k = 2.

`�®



V WX$&�
(
Bn(f2)

)
(x) :=

n∑

k=0

(
k

n

)2 (n

k

)
xk(1 − x)n−k = x

n∑

k=1

(
n − 1

k − 1

)
xk−1(1 − x)n−k

=

(
1 − 1

n

)
x2

n∑

k=2

(
n − 2

k − 2

)
xk−2(1 − x)n−k

+
1

n
x

n∑

k=1

(
n − 1

k − 1

)
xk−1(1 − x)n−k

=

(
1 − 1

n

)
x2

n−2∑

j=0

(
n − 2

j

)
xj(1 − x)(n−2)−j

+
1

n
x

n−1∑

m=0

(
n − 1

m

)
xm(1 − x)(n−1)−m

=

(
1 − 1

n

)
x2
[
x + (1 − x)

]n−2
+

1

n
x [x + (1 − x)]n−1

=

(
1 − 1

n

)
x2 +

1

n
x =

(
1 − 1

n

)
f2(x) +

1

n
f1(x).

b iii c >X��$&��!SP�$&�(��/�"X4�!*, ( k
n − x

)2
=
(

k
n

)2 − 2x k
n + x2 ��V W@$*�

n∑

k=0

(
k

n
− x

)2 (n

k

)
xk(1 − x)n−k =

=

n∑

k=0

(
k

n

)2 (n

k

)
xk(1 − x)n−k − 2x

n∑

k=0

k

n

(
n

k

)
xk(1 − x)n−k + x2

n∑

k=0

(
n

k

)
xk(1 − x)n−k

(i),(ii)
=

(
1 − 1

n

)
x2 +

1

n
x − 2x2 + x2 =

1

n
x(1 − x) 5

1

4n
.

b iv c WN2 k ∈ F
HI!*4�!#" ( k

n − x
)2

= δ2 68��,K)�$&� 1 5 1
δ2

(
k
n − x

)2 �eM��(�(/�Z32�^�5
∑

k∈F

(
n

k

)
xk(1 − x)n−k 5

1

δ2

∑

k∈F

(
k

n
− x

)2(n

k

)
xk(1 − x)n−k 5

5
1

δ2

n∑

k=0

(
k

n
− x

)2(n

k

)
xk(1 − x)n−k

(iv)

5
1

4nδ2
.

���<�$&�G"%=v/��� �!#"N 0"XCDZ% IP�2����($*��;8^�$*U� K��:�/�"N �!SP�2G���14(+&"-,F�*P�!_��:�CD"_^�$*U�/���!_��5@!%�(:
Weierstrass

�ò ×2Â8· Í ¸¹èIÐX¾TÌµº � Í�Ö Æ½ÄÃ¼½´2¾TÌ8¶�� Ù¨ØIÙ¨ØIÙ�V MO �!3^ f ∈ C[0, 1]
6���,

ε > 0
�aM��("%,9+#UgP

f
"-= 2���,e K:&2�"%;8U�5z �!%�

b  K:�/��1�&.0Z%5 c +�,F)� �!SP�/��f¸7¹8H¯ó_º»HK"-= 2���,K�(/��8,F4�/���$*AB�m K:&2�"%;8U�5���V W@$*��:��1)�$&;I"-, δ > 0
!#Z_!%��, �l<� �!#"

|f(x) − f(y)| <
ε

2
,

4�!_�&2 |x − y| < δ.

¾ ��;I$#P� D,F/��(�1�8,7U� K��:�/�"�!S<�$&��!_�N�1$&�1P�.0����/�"32�����U�/�/���.D,9��2���"_6�!*,F/�U� K�(:�/1"?!#P�2 ‖f−Bn(f)‖∞
��>@��$*��!SP�$*U&[

 �!#"@4�!&,K�&2
x ∈ [0, 1]

HD!#4�!#"@�8,K4�$*�8, (n
k

)
xk(1 − x)n−k = 0

HI.D,F�
k = 0, 1, . . . , n

HI6���,0Z%;I�(:&2�)&CD$*�8,  K/�� ó�H
`�²



�1�(4�!#" p
|f(x) − (Bn(f)) (x)| =

∣∣∣f(x) −
n∑

k=0

f

(
k

n

) (
n

k

)
xk(1 − x)n−k

∣∣∣

=
∣∣∣

n∑

k=0

f (x)

(
n

k

)
xk(1 − x)n−k −

n∑

k=0

f

(
k

n

) (
n

k

)
xk(1 − x)n−k

∣∣∣

5

n∑

k=0

∣∣∣f(x) − f

(
k

n

)∣∣∣
(

n

k

)
xk (1 − x)n−k.

��!_�&CB"_$&�(�1��, ����/�"��1$&��5' �!&, .0/�U�2L!_�
n
HD6���,BZ% �!_^

F
!_�s 0�&2������z!_^�2

k
�1��:L�&2�U�6���:&2G �!%� {0, 1, . . . , n} H.D,F�G!%�G�(�1��=v� ∣∣ k

n − x
∣∣ = δ

�
��4�!#"@�&2

k 6∈ F ⇒
∣∣∣k
n
− x
∣∣∣ < δ ⇒

∣∣∣f(x) − f

(
k

n

)∣∣∣ <
ε

2
,

"32&<�HI�&2
k ∈ F ⇒

∣∣∣f(x) − f

(
k

n

)∣∣∣ 5 2‖f‖∞ b ���14]!#$&, .K^�28�O�&2�,  04�!�� c .
V WX$&�

|f(x) − (Bn(f)) (x)| 5

n∑

k=0

∣∣∣f(x) − f

(
k

n

)∣∣∣
(

n

k

)
xk(1 − x)n−k =

=
∑

k∈F

∣∣∣f(x) − f

(
k

n

)∣∣∣
(

n

k

)
xk(1 − x)n−k +

∑

k 6∈F

∣∣∣f(x) − f

(
k

n

)∣∣∣
(

n

k

)
xk(1 − x)n−k 5

5 2‖f‖∞
∑

k∈F

(
n

k

)
xk(1 − x)n−k +

ε

2

∑

k 6∈F

(
n

k

)
xk(1 − x)n−k

< 2 ‖f‖∞
1

4nδ2
+

ε

2
< ε,

�&2�"_�(,F��Z%�*��:�/�"
n > ‖f‖∞/(εδ2)

�
���!%�g IP�/�"-= ����:�!#4g��5G68)&2���:�/�"�/�"%$&,F6�Z%5G�(��$*��!SP�$*U� K"-, 5��s���s�1����:�<�2�:�/��

Bernstein
�($*�� KABZ_$&��:&2lZ\[

2��a K��ADUa6���,�Y(���1,7684ÿ!#$&41�(� :��1�����&.D,  K/������1����:�^�2�:�/1,F6(U�5��1$&�( 0Z\.I.D,  IP�5� �!SP�2
f
HX������)a 0= .0�(:�$&�a+*"32

���1��!#"_�����&2jY(Z_��!*,  �!SP|�($*�� KZ3.I.D,  IPI�e~?,F�'�1��$&)�+*"-, .0/��8H�CB"3^�$*U� �!*"�!*, 5j K:&2���$#!#U� K"-, 5
f1(x) = x

68��,
f2(x) =

x2 ����4�!*" Bn(f2) =
(
1 − 1

n

)
f2 + 1

nf1 6= f2
�e>X$&�(AB�&2�<�5�H(PmY(Z_��!*,  �!#PE�1$&�( KZ3.I.D,  IPE!#P�5

f2
���14E!%��2

P2,.D,F�
n = 2

H1CD�|Z_�1$*"_�1"�2��|"%= 2���,�P�=9+�,F�'P
f2
� ��"\Y(��=F^�5jP|��68�����(:&CB=v� {Bn(f)}  K:&.K6(�1= 2�"%,���/��8,F4�/��($&AB�� �!SP K:&2�"_;8UG K:&2�)�$*!SP� IP

f
 �!%�L+�,F)� �!#P�/��s¸7¹8H¯ó_º»HI6���,0"_�(,7����Z%��2G,  K;I��"-,04�!&,

En(f) 5 ‖f − Bn(f)‖∞ b ú¥þ õãýÇù�� c �V WX$&�8HB!_�h"3�(4(/�"32��fAB:� 0, �����&.D,7684{"%$#<e!#P�/��L�(�(:]�1$&�168����!#"-,Q"-= 2���, p >X4� K�z68����Us"%= 2���,0Pz�1$&�� KZ3.I.D,  KPz��:�!#UI±V  HK�����1,F<�5�HK"-= 2���,K+&:&2���!*4�2	2��|Y($*����/�"N6�)��1�8, �]AB$&)&.0/��|.D,F�G!%�] 0AD)���/�� ‖f − Bn(f)‖∞
±

~?,9�'!%�G I68�1�14���:�!#4mCB�';I$&"%,9�� �!%�(��/1"��1"%$&,  K 04�!#"%$*"%5��1��P�$*��AD��$�=9"%5� K;I"_!*,F6�)|/�"�!*, 5X K:&2�"%;I"-= 5� K:&2���$*!SU&[
 K"-, 5�� ¾ �G�*"_6I, 2�U� K��:�/�"N"-,  K)&.0��2�!%��5�6�)��(��, �l��6�4�/��G K:�/&Y(���1,  K/140�
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�8ÆÕ´¿ÅI¼�Ï�³@Ð�»½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð�»Ë¾gÌ!·8¸¹Û®»Ë¾)ÐÃ¼½´

[a, b]
Ù%Ú ¸¹´XÀ@Û®Ü Í δ > 0

ÌåÆ Î4Ý Ì�º)¼ Í�Ö ¶¼ãÏ�¾ ÆÇÌ�¼ Í ÅCÏ¿Ü®Ìµº@¶a¾)Ð?¶,»½ºÈ³8Ï¯É Í ¸4´I¶]¾)Ð?¶ f
»Ë¾TÌ

[a, b] ä ¾)Ð@³�×2Ì2»ÕÂ)¾)Ð.¾g´
ωf(δ) = ωf

(
[a, b]; δ

)
:= sup

{
|f(x) − f(y)| : x, y ∈ [a, b], |x − y| < δ

}
. b �K�Fk c

>|�F;R��H��&2N!_�	.0$*)�ADP�/��N!SP�5
f
�1��$&�(:� D=9��o&"-,�Z\2��X)���/��@�� K:&2�Z%;I"-,F��5�=  K�|/�"`ó�H�!*4�!#"

ωf (δ) = 1
����!SP	 0:&2�Z%;I"-,F�

�1��$&�&CDZ_!_��:�/�"@�($�,  K/�Z32�"_5�"%��68����"%5@,9+&,94�!SP�!#"%5@.D,9��!_�z/�Z_!#$&�L/1"\.0Z3CD��:�5@!SP�5� K:&2�Z%;I"-,F��5��
 O¡ ©Ñ©�¢��C¯¬®Fx æ

i
é�ò ³

0 < δ1 5 δ2 ä ¾¿Â)¾ Í ωf (δ1) 5 ωf (δ2)
Ù

æ
ii
é�ç

f Í¿Î ³µ´®¸ÕÌ¿¼ÇÌ2¸4Â¿¼ÇÌåÆD�Õ´ì»}º8³ Í É¥Ä?¶a´8³QÀÃ´®¸Õ¼�Â)³µÌ)³=´È³ ωf (δ) → 0 ä ÀÃ´®ÜÈÊü¶ δ → 0+ Ù
 ���(4(+&"-,F�*P���ADU�2�"3!%��,I^�5 }����e�?�O� �
 O¡ ©Ñ©�¢��C¯¬®F� ° ²f»Ë¾ Ö f

¼Ç¸¹´s�8ÆÕ´¿ÅI¼�Ï�³@Ð'»½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð�»Ë¾TÌ
[a, b]

ÀÃ´®¸
δ > 0

Ù]� Â)¾ Í ωf (nδ) 5 nωf(δ)
ÅC¸¹´

n = 1, 2, . . .
Ù Áaº8³ Í ×)Êü¶ ä ωf (λδ) 5 (1 + λ)ωf (δ) ä Å0¸4´�ÀÃÛ®Ü Í λ > 0

Ù
ò ×2Â8· Í ¸¹èIÐ ÙQV MO �!_^ x < y

/�" |x−y| < nδ
��Ï@^�$&=vo&�(:�/�"O!#4�!#"�!%��+&,9)� �!SP�/��

[x, y]
 K"

n
:��1��+&,9�� �!SU�/1��!_�8H(!_�

6��&CBZ\2��j/�U�6���:�5
5 δ

��M�,F+�,7684�!#"%$&�8H*CBZ3!%��:�/�"
zk = x+k(y−x)/n

H
k = 0, 1, . . . , n

H��(�14�!#" |zk−zk−1| 5 δ.D,F�G68)&CD"
k = 1

HI6���,0)�$*�
|f(x) − f(y)| =

∣∣∣
n∑

k=1

(f(zk) − f(zk−1))
∣∣∣ 5

n∑

k=1

∣∣f(zk) − f(zk−1)
∣∣ 5 nωf (δ).

M��1��/�Z32&^�5
ωf (nδ) 5 nωf (δ)

�
��<�$&�8HK+*"%+&�(/�Z32��(:m"32�4�5

λ > 0
:��1)�$&;I"-,KAB:� 0,7684�5

n
!*Z3!%�8, ��5�<� �!#"

n − 1 < λ 5 n
HK�(�14�!#"

ωf (λδ) 5 ωf (nδ) 5 nωf (δ) 5 (1 + λ)ωf (δ).

�°��1�($&����/�"j!#<�$*�m2���+&,9��!#:���<� K��:�/�"@!%�EY(�� D,7684]/���5����(��!#Z_��"% K/��8�
ÅNÆ�Ç.¤ ¡ ©�¢��C¯¬®Fx ò ³

f Í¿Î ³¿´®¸Ë¼Ç¸¹´L�ÈÆÕ´¿ÅI¼ãÏ)³IÐ�»½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð�»½¾gÌ [0, 1] ä ¾¿Â)¾ Í
‖f − Bn(f)‖∞ 5

3

2
ωf

(
1√
n

)
. b �K� � c

ò ×2Â8· Í ¸¹èIÐ Ù�V qX��^�5�"-=v+*��/1"j68��,K �!SP�2����(4(+&"-,F�*Pm!%��:�CD"_^�$#U�/1��!_��5@!_��: Weierstrass

|f(x) − (Bn(f))(x)| =
∣∣∣

n∑

k=0

[
f(x) − f

(
k

n

)](
n

k

)
xk(1 − x)n−k

∣∣∣

5

n∑

k=0

∣∣∣f(x) − f

(
k

n

)∣∣∣
(

n

k

)
xk(1 − x)n−k

5

n∑

k=0

ωf

(∣∣∣x − k

n

∣∣∣
)(

n

k

)
xk(1 − x)n−k.

`�½



MOAB��$*/�4�o&�(:�/�"N!S<�$&��!_�]�1$&�1P�.0����/�"32��G��U�/�/��8H0�(�14�!*"NZ%;I��:�/�"
ωf

(∣∣∣x − k

n

∣∣∣
)

= ωf

(√
n
∣∣∣x − k

n

∣∣∣ 1√
n

)
5

(
1 +

√
n
∣∣∣x − k

n

∣∣∣
)

ωf

(
1√
n

)
.

V WX$&�
|f(x) − (Bn(f))(x)| 5 ωf

(
1√
n

) n∑

k=0

(
1 +

√
n
∣∣∣x − k

n

∣∣∣
) (

n

k

)
xk(1 − x)n−k

= ωf

(
1√
n

)[
1 +

√
n

n∑

k=0

∣∣∣x − k

n

∣∣∣
(

n

k

)
xk(1 − x)n−k

]
.

WN�(�(/�Z32�"-,I2��E"_6(!&,F/�U� K��:�/�"�!%�z)&CD$&��,  K/�� ∑n
k=0

∣∣x − k
n

∣∣ (n
k

)
xk(1 − x)n−k ��W@:�!#4z"_�(, !#:&.0;I)&2�"3!%��,Q/�"@!#PY(�1U�CB"%,9��!SP�5	�&2�,  K4�!SP�!%��5

Cauchy-Schwarz b ��AD���m6�)&CB"X4�$&�(5 (nk)xk(1 − x)n−k = 0 c 6���,0Z%;I�(:�/�"
n∑

k=0

∣∣∣x − k

n

∣∣∣
(

n

k

)
xk(1 − x)n−k 5

5

(
n∑

k=0

∣∣∣x − k

n

∣∣∣
2
(

n

k

)
xk(1 − x)n−k

)1/2( n∑

k=0

(
n

k

)
xk(1 − x)n−k

)1/2

5

5

(
1

4n

)1/2

=
1

2
√

n
.

V M�!# 0,JH0!#"_�1,F6�)8H8CD�GZ%;I��:�/�"
∣∣f(x) − (Bn(f))(x)

∣∣ 5 ωf

(
1√
n

)(
1 +

√
n

1

2
√

n

)
=

3

2
ωf

(
1√
n

)
.

�ô$õ�öÇõNý0�ãöB�?�áø½þ����
ó���WN2	P

f
"-= 2���,�"36�!#4�5j���14LAD$&�&.0/�Z32&P|6���,8 0:&2�"%;8U�5j �!_�{¸7¹8H¯ó_º»H b "_�1"-,9+#Um!_�{¸7¹8H¯ó_ºQ"-= 2���,8 K:�/��1�&.0Z%5 c "-= 2���,68��,��(/��8,F4�/���$*AB�@ K:&2�"_;8U�5j"3�(�(/�Z32�^�5�H1��4&.K^d!%��:	©�U�/�/���!%�(5��K�¯ó��F`8H

ωf

(
1√
n

)
→ 0

H168�&C0<�5
n → ∞ �

��4�!*"N!%� ¾ "3<�$*P�/��m�K�¯ó��F`G�(��$*Z%;I"-,K/1,9�G)�����PL���14�+*"-,9�#P�!%�(: ¾ "_^�$*U�/���!_��5�!%�(:
Weierstrass

�
`8��WN2�/(,F�L 0:&2�)�$*!SP� IP

f
,F6��&2��1�(��,9"%= |f(x) − f(y)| 5 K |x − y|α .D,F�L6�)&CD" x, y ∈ [a, b]

H
K = 0

68��,
α > 0

H1��Z%/�"�4�!&,�P
f
,F6��&2��(�1��,9"-=1/1,9�' K:&2&C0U�6�P

Lipschitz b U Hölder
4(��^�5���Z3.0"_!_��,������1,F<�5 c !#)��&"_^�5

α
/1"N �!_�&CD"%$&)

K
 �!%�

[a, b]
� ¾ �� K:�/�Y(���1=9o&�(:�/1"j/�"

Lipα
K [a, b]

!%�L 0�&2������L!3^�2� K:&2���$*!SU� K"_^�2'�(�(:
,F6��&2��1�(��, ���&2{/1,F�h!#Z_!_�8,F�� K:&2&C0U�6�PI�f>X��$&��!SP�$*U� �!#"G4�!*,��&2

f ∈ Lipα
K [a, b]

/�"
α > 1

He!#4�!#"GP
f ′:��1)�$&;I"-,� �!%�

[a, b]
68��,�"-= 2���,&!%��:�!_��!&,768)�/�P�+*Z328��V MO!# 0,�H(4�!_�&2

α > 1
H�PX6���)� IP

Lipα
K [a, b]

���1��!#"_��"-= !%��,
/�4�2��l���14z �!%�&CD"%$*Z%5�H0"_�1��/�Z32�^�5@PE K:&2*CDU�6(P

Lipschitz
�1��$&��:� 0,F)�o&"-,K"32�+�,F��ABZ%$*��2|4�!%�&2

0 < α 5 1
�

��<�$&�8H0"-= 2���,D"_��68�����L2��G+&�(��/1"X4�!*,
f ∈ Lipα

K [a, b] ⇔ ωf (δ) 5 Kδα ����:&2�"_��<�5�H0�&2�PL K:&2�)�$#!SP� KP
f
!%�(: ¾ "_^�$*U�/���!_��5X�K�¯ó��F`E�&2�U�6�"-,I �!_��2

Lipα
K [a, b]

H0!#4�!#"XPE K;IZ% IP b �K� � c �1��=v$#2�"-,I!#PE/��($&ADU
‖f − Bn(f)‖∞ 5

3

2
K n−α

2 . b �K�F® c
`�¿



W@5|:��(��CDZ% K��:�/�"'!S<�$*�z4�!&,
f(x) =

∣∣x − 1
2

∣∣ ��MO��68�����z/��1��$*����/�"@2��l+*"-=v�*��:�/�"	4�!&, f ∈ Lip1
1[0, 1]

H
�(�14�!#"jCD�GZ%;I��:�/�"&H���4&.K^a!SP�5 b �K�F® c HI4�!&, ‖f − Bn(f)‖∞ 5 3

2 n− 1

2

�eWX5@+&�(��/1"N4�/�^�5X!*,8.D= 2�"3!%��,�.D,9�
x = 1

2

�
(
Bn(f)

)
(1/2) − f(1/2) =

n∑

k=0

∣∣∣∣
k

n
− 1

2

∣∣∣∣
(

n

k

) (
1

2

)k (
1 − 1

2

)n−k

=

(
1

2

)n n∑

k=0

∣∣∣∣
k

n
− 1

2

∣∣∣∣
(

n

k

)
.

WN2|!%�
n
"-= 2���,0)�$#!*, �DHI!#4�!#"@/��(�($&�(��/1"�2��G:��1�����&.D=  K��:�/�"X!_�z)&CD$&�8,  0/��E��:�!#4l�&2�����:�!&,768)

n∑

k=0

∣∣∣∣
k

n
− 1

2

∣∣∣∣
(

n

k

)
= 2

n/2∑

k=0

(
1

2
− k

n

) (
n

k

)
=

1

2

(
n

n/2

)
,

�(�14�!#"
∣∣(Bn(f)) (1/2) − f(1/2)

∣∣ =

(
n

n/2

)

2n+1
.

Ï�$#P� D,F/��(�1�8,7<�2�!_��5e!%��2�!#���1�N!_��:
Stirling p √2πn nn e−n < n! <

√
2πnnn e−n

(
1 + 1

4n

) �1��=v$S2��(:�/1"
4�!&, ( n

n/2

)
> 1

4 n− 1

2

HI6���,0)�$*�
‖f − Bn(f)‖∞ =

∣∣(Bn(f)) (1/2) − f(1/2)
∣∣ >

1

4
n− 1

2 .

��:&2�"_��<�5�Hj;I$*P� 0,F/��(�1�8,7<�2�!_��5h!%���1����:�<�2�:�/��
Bernstein

+*"32�/��(�($&�(��/1"l2����1"%$&,9/�Z32���:�/�"f4�!&,�CB�
Y("_��!*,F<� K�(:�/1"@!_�lAD$&)&.0/�� b �K�F® c HI!%�(:���)�;K,  �!_��2E4� K��2���AD��$*)m!%��2G"36(CDZ_!SPG!%�(: n

>X��$&4����@��:�!#)��
D. Jackson

68��!#)�AB"_$&"e2��jY("_��!*,7<� K"-,1!_�mAB$*)&.0/��N.D,9�@!_�m KAB)���/��
En(f ; [a, b])

68��,�68:�$&=9^�5
2��G+*<� K"-,I!#PE I^� �!SU]�� K:�/���!_^e!*,76�U] 0:�/��1"%$&,9AD��$&)|68�&C0<�5@!%�

n → ∞ �
ÅNÆ�Ç.¤ ¡ ©�¢��C¯¬®F�f£

Jackson ¨ ò ³ f ∈ C[−1, 1] ä ¾¿Â)¾ Í En(f ; [−1, 1]) 5 6ω
(

1
n

) Ù
À ª.¤8¦¯§)©�¢��C¯¬®¯¬ ò ³

f ∈ C[a, b] ä ¾¿Â)¾ Í En(f ; [a, b]) 5 6ω
(

b−a
2n

) Ù
À ª.¤8¦¯§)©�¢��C¯¬®Fx ò ³

f ∈ Lipα
K [−1, 1] ä ¾¿Â)¾ Í En(f ; [−1, 1]) 5 6K n−α Ù


 �3� � �ì���]�'�jí��]�å�!�z�Låèö]ã�ä]���å�%�jÊo� ���'�'�_���'����dÊ±� æ���������ËhËX� �h��Ê±�'�
¾ �f�&"36I, 2�U� K��:�/�"�"-,  0)&.0��2&!%��5E!%��2f��684����(:&CD�� K:�/&Y(���1,  K/14 p WN2 f ∈ C[a, b]

6���,
p∗n
"%= 2���,�/1,9�zY(Z_��!*,  �!SP

�1$&�( KZ3.I.D,  IPf!#P�5
f
���14h!%��2

Pn
 �!%�{+�,F)� �!SP�/��

[a, b]
H�CD�s K:�/&Y(���1=vo*��:�/�"|!SPf K:&2�)�$#!#P� IPf KAB)���/���!_��5E/�"

e(x) := f(x) − p∗n(x)
��V W@$&� ‖e‖∞ = En(f ; [a, b])

�
 O¡ ©Ñ©�¢��CFx.¯¬ ° ²f»Ë¾ Ö f ∈ C[a, b]

À@´®¸
p∗n

¼Ç¸¹´ â Ï Ó0¾¿¸ »Ë¾2Ð$×åÆ}Ì8»CÏ)ÅËÅC¸ »½Ð!¾)Ð?¶ f
´8×2Â�¾TÌ)³

Pn
»½¾gÌ�·2¸4Û®»Ë¾)ÐÃ¼½´

[a, b]
Ùt� Â)¾ Í º?×2ÛTÆ�ÉNÌ�ºÈ³!¾gÌ�º�ÓÕÛ Éf¸ »Ë¾TÌ�³�·8Ò®Ì'»½ÐÃ¼ Í�Î ´ x1, x2 ∈ [a, b]

¼ Í x1 6= x2 ä ¾¿Ï�¾TÌ2¸4´ Ê
»Ë¾ Í |e(x1)| =

|e(x2)| = En(f ; [a, b])
À@´®¸

e(x1) = −e(x2)
Ù

k�¹



ò ×2Â8· Í ¸¹èIÐ Ù  .0$&��AR,76�UL�1��$&)� �!%�� IPl!SP�5' K:&2�"%;I�(��5| K:&2�)�$#!SP� KP�5 e
CD�L"-= 2���,B/1,9�L68��/��1����P

y = e(x)
HR�1��:

CD�{Y($&=  K6�"_!%��,e/�"_!_���&��!_^�2�"%:&CD"-,7<�2
y = ±‖e‖∞ = ±En(f)

�  y = e(x)
CD���1$&Z3�("%,�2���"%AD)��1!#"_!_��,

!_��:���)�;K,  �!%��2m 0"j/1=v�|���(4G!*, 5@+*���E��:�!*Z_5X"%:&CD"-=9"%5 b ú`þÿõNý�ù � c � ¾ �|���(�(+&"-=9�&�(:�/1"�4�!*,(CD�m�1$&Z_�1"-,(2��|"_AB)���!#"_!%��,6���,& �!*, 5�+&���0H#.D,F��!*=� K"��&2�!*= CD"_!SPN�1"%$&=9��!_^� IPIH�41��^�5�CD�j+&"-=9�&��:�/�"&H-CD�j:��()�$*;I"-,*6�������!*"_$*P��1$&�� KZ3.I.D,  KPN!SP�5
f���14m!SP�2

p∗n
��W@5�:��1�1CDZ% K�(:�/1"�����,F�14�2	4�!*,

e(x1) = En(f)
H�.D,F�	68)��1�8, �

x1 ∈ [a, b]
H�������)

e(x) > −En(f)

∀x ∈ [a, b]
H b Y1�I�O��;8U�/1�m�K�¯ó c ����4�!#" m := minx∈[a,b] e(x) > −En(f)

�

E  − cnEn

y = E  (f) − cn

y = E  (f)n

y = e(x)

a b

y = e(x) − c

��;8U�/����K�¯ó p
¾ Z_!_��:�/�"

c :=
En(f) + m

2
> 0

68��,
qn := p∗n + c.

��4�!#"X�1$&�(AB�&2�<�5
qn ∈ Pn

6���,
f(x) − qn(x) = e(x) − c

�OM��(=  IP�5
−(En(f) − c) = −

(
En(f) − En(f)

2
− m

2

)
= m − En(f) + m

2
= m − c 5

5 e(x) − c 5 En(f) − c

⇒ −(En(f) − c) 5 f(x) − qn(x) 5 En(f) − c ⇒ ‖f − qn‖∞ 5 En(f) − c < En(f),

)�!_�(�1�DHI��4&.K^ÿ!%�(:G��$&,  K/1�(��!%�(:
En(f)

�
�£¥¤8¦¨§2©
ª@«|�CFx.¯¬ ò ³

g ∈ C[a, b] ä Ü®´�ÓÕÏ¿¼ Í Â)¾¿¸á¾TÌ�»½ÐÃ¼ Í¿Î Ì x ∈ [a, b] Í¿Î ³¿´®¸ Ï)³¿´�»½ÐÃ¼ Í�Î Ì (+)
ÅC¸¹´d¾)Ð

gæ ´8³®¾¿¸ »Ë¾ Ù Ï)³¿´Q»½ÐÃ¼ Í¿Î Ì (−)
ÅC¸¹´�¾)Ð

g
é ´8³

g(x) = ‖g‖∞
æ ´8³I¾¿¸ »Ë¾ Ù ´8³

g(x) = −‖g‖∞
é2Ù° ²¥³µ´ »CÒ8³�ÌÔÓÕÌ�·8¸¹´��ËÌÞÆ Í ¾¿¸ÁÀ@ÊÑ³�´8³ÈÛ ·2Ò®Ì�»½ÐÃ¼ Í�Î4Ö ³ a 5 x0 < x1 < · · · < xn 5 b
Ü®´QÓÕÏ)Å Í ¾g´®¸�»CÒ8³�ÌÔÓÕÌ»½ÐÃ¼ Í�Î4Ö ³ Í ³¿´�Ó®Ó@´¿Å½Ä?¶¥×åÆ}Ì8»½ÄÃ¼ÇÌ�º]ÅC¸¹´=¾)Ð g

´È³a¾g´
xi Í¿Î ³µ´®¸Ã»½ÐÃ¼ Í¿Î ´ (+)

À@´®¸Ã»½ÐÃ¼ Í¿Î ´ (−) Í ³¿´�Ó®ÓÕÛÈè Ù�« Ð�Ó@´®·®Ä ä´8³
|g(xi)| = ‖g‖∞, i = 0, 1, . . . , n,

ÀÃ´®¸
g(xi) = −g(xi+1), i = 0, 1, . . . , n − 1.

Ï�$#P� 0,9/��(�1��,F<�2&!%��5|!_�f 0:�/&Y(���1,  K/�4{��:�!*4lCD�]"-=v/��� �!*"	 K"@CDZ% IPz �!%�f"_�14�/�"32��]CD"_<�$*P�/��G2��L;I��$&��6�!SP&[
$&=  0�(:�/�"X!%�L�(����:�<�2�:�/��]�1��:G���1��!#"_��"-=�Y(Z_��!*,  �!SPL�1$&�� KZ3.I.D,  KPI�

k.ó



ÅNÆ�Ç.¤ ¡ ©�¢��CFx.¯¬ ò ³
f ∈ C[a, b]

À@´®¸
p∗n Í¿Î ³¿´®¸}¼Ç¸4´ â Ï Ó0¾¿¸ »Ë¾2Ð�×åÆ}Ì2»ÕÏ�Å½ÅC¸ »}Ð ¾)Ð?¶ f

»Ë¾TÌ
[a, b]

´È×2Âì¾TÌ)³
Pn ä¾¿Â)¾ Í º?×2ÛTÆïÉ Í ¸ÑÏ)³¿´�»ÕÒ8³µÌÔÓÕÌ�»½ÐÃ¼ Í¿Î4Ö ³ Í ³¿´�Ó®Ó@´¿Å½Ä?¶ ×åÆ}Ì2»}ÄÃ¼ÇÌµº�ÅC¸¹´�¾)Ð@³ e := f − p∗n

×2Ìµº�´È×2Ì)¾ Í Ó Í¿Î ¾T´®¸Ñ´8×2Â
n + 2

»½ÐÃ¼ Í¿Î ´ Ùò ×2Â8· Í ¸¹èIÐ Ù�Wj2j!%� f ∈ Pn
H�!#4�!*"�!%�'4����@CDZ%/��@"-= 2���,*!#"_!#$�,F/�/1Z\2��D��V MO �!3^����8,7�14�2N4�!*,

f 6∈ Pn
H�68��,�"3�(�(/�Z32�^�5

En(f) = ‖f − p∗n‖ > 0
� ¾ "_^�$*����/�"X���8,7�14�2�!SP�2 b ��/���,94(/1�($&AD� c  K:&2�"%;8UE K:&2�)�$#!SP� KP e = f − p∗n

����4�!#"
/��1��$*����/�"X2��mY($&�(��/�"@Z32��E+&,9��/�"%$&,  K/14z!_��:L+�,F�� �!SU�/���!%�(5

[a, b]
H
a = t0 < t1 < · · · < tk−1 < tk = b

HB K"
k
:��1�(+�,F�� �!SU�/���!%�L��$*6����&2�!3^�5@/1,F6�$&)8HKZ_!# 0,I<� �!#"

|e(x) − e(y)| <
En(f)

2
,

4�!%�&2
x, y ∈ [ti, ti+1], i = 0, 1, . . . , k − 1.

qr��4&.0�(5N�1��:'CBZ3����:�/�"�2��|!_�L6�)&2���:�/�"���:�!#4]"%= 2���,8�E"%�#U�5 p Wj2|!_� [ti, ti+1]
�1"%$&,9Z%;I"%,KZ\2��' KP�/�"-= �

(+)
.D,F�

!SP�2
e
H?!*4�!#"mP

e
"%= 2���,BCD"_!*,76�U{ �VR����416���P�$*�{!_�

[ti, ti+1]
H?��AB�(�s�&2

x, y ∈ [ti, ti+1]
6���,

e(x) = En(f)
H

!#4�!#"
e(y) > En(f)

2 > 0 b ��AD��� −En(f)
2 < e(y) − e(x) < En(f)

2 c �q@/��8=F^�5�HB�&2G!_�
[ti, ti+1]

�1"%$&,9Z%;I"%,BZ32��G IP�/�"-= �
(−)

.D,9�E!SP�2
e
HD!#4�!#"@P

e
"-= 2���,0��$S2�P�!*,F6(UL 8V8����4(6(��P�$&�

!_�
[ti, ti+1]

� ²¥×2Ì¿¼ãÏ)³ Ö ¶ ä ÀÃ´8³8Ï)³¿´'·8¸¹Û®»Ë¾)ÐÃ¼½´ [ti, ti+1]
· Í ³�¼ã×2ÌÞÆ Í¿Î ³¿´�× Í Æ}¸¹Ï¯É Í ¸�¾T´ÈºÃ¾¿ÂßÉãÆ}Ì)³¿´ »½ÐÃ¼ Í¿Î ´ (+)À@´®¸Ë»½ÐÃ¼ Í�Î ´ (−)

Ù
¾ �G��Z%/�"�4�!&,K!%�

[ti, ti+1]
"-= 2���,0Z\2��G+�,F)� �!#P�/��

(+) b �&2�!*,  �!���HB+&,9)� �!SP�/1� (−) c �&2G�1"%$&,9Z_;I"-,DZ32��G IP�/1"%= �
(+) b �&2�!*,  �!���HR IP�/�"-= � (−) c .D,9�E!SP�2 e

��>@��$*��!SP�$*U� �!*"�4�!*,06�)&CD"�+�,F)� �!SP�/��
(+)

+*"32G/��1��$*"-=B����!#"@6��&2m2��
"%AD)���!*"3!%��,Q/�"|Z32��]+&,9)� �!SP�/��

(−)
�@°fVI)������L��4&.D,9�lZ32��L+�,F)� �!SP�/��

(+)
68��,BZ32��l+&,9)� �!SP�/1�

(−)
�1$*Z_�1"-,D2��

"-= 2���,I��:� �!#P�$*)G+�,F��;8^�$�,  K/�Z32��L���14L68)��1�8, �]+�,F)� �!SP�/����1��:��1"%$&,9Z%;I"%,0/1,F�L$&=vo*�m!SP�5
e
�

��<�$&�'CB�|��$#CD/�U� K��:�/�"X�*�&2�)|!_��+�,F�� �!#U�/���!_�
(+)

68��,
(−)

HI���14L��$�,  �!#"%$&)'�1$&��5j!%�G+*"%��,F)8H8�&.I2��(<�2�!_��5
!_�m+�,F�� �!#U�/���!_�|�1��:'+&"32�"-= 2���,(����!#"

(+)
����!#"

(−)
��W@5j:��1�1CDZ% K��:�/�"����8,7�14�28H(;8^�$�, 5�Y1��)*Y1P|!SP�5�.0"32�,7684�!SP&[

!_��5�H�4�!&,e!%���1$*<e!%�t+�,F)� �!SP�/�� b �(�(:gZ%;I"-,e�1$&4� IP�/�� c "%= 2���,e+&,9)� �!SP�/1� (+)
6���,O4�!*,O!_�d+�,F�� �!SU�/���!%�d��:�!#)

!_����, 2���/��(�&2�!%��,K^�5�"%�*U�5 p

I1, I2, . . . , Ik1
:
+�,F�� �!#U�/���!_�

(+),

Ik1+1, Ik1+2, . . . , Ik2
:
+&,9�� �!SU�/���!%�

(−),���
Ikm−1+1, Ikm−1+2, . . . , Ikm

:
+�,F�� �!SU�/���!%�

(−1)m−1,

41�(�(:
Ik1

"-= 2���,1!_�G!*"3��"%:�!%��= �
(+)

+�,F)� �!#P�/��'�($&, 2'A0!#)� 0�(:�/�"�!_���1$*<e!%�
(−)

+�,F)� �!SP�/��	�(�(:|"%= 2���,1!%�
Ik1+1

H
6D�F�D�76B�

W@5ECD"_^�$*U� K��:�/�"L!#<�$*�h!SP�2�Z32�^� IP�4���^�2{!3^�2�+&,9�� �!SP�/1)�!3^�2��1��:hZ%;I��:&2{�1$&4( IP�/1�g6���,���5l!SPg K:�/�[
Y(���1=  K��:�/�"	/�" S HD+*P��I� S =

m⋃

j=1

Ikj

��M��(=  IP�5�HRZ% �!_^ N P]Z32�^� IPL4���^�2G!3^�2l+&,9�� �!SP�/�)�!_^�2E�1��:L+&"32�"-= 2���,

k�`



�(��!*"
(+)

����!#"
(−)

�
��4�!#"j!_� S 68��, N "-= 2���,8 K:�/��(�&.KU� 0�&2�������/�" S ∪N = [a, b]

� b >@��$*��!#P�$#U� �!#"�4�!*,I!_��"% I^e!#"%$�,768)'!_^�2
S 68��, N "%= 2���,I�*Z32���/�"_!_���&�G!%�(:�5�� c¾ Z_���(:�/1"�2��]+&"-=9�&�(:�/1"	4�!*,

m = n + 2
� b °�Z%;I$&,R �!*, .0/�U�5m.I2�^�$&=vo*��:�/�"&H0��4&.K^Â!%�(:]©�U�/�/���!%�(5|�K�F`8�¯ó�H4�!*,

m = 2
� c ¾ �G+*��:���Z"!D��:�/�"j/1"X���(�&.K^�.KUL K"@)�!_�(�1�DHK�1�(4�!#"@:��1�1CDZ_!_��:�/�"@4�!*, m<n+2

�
M��1"-,9+#Uf68)&CD"G+�,F)� �!SP�/��

(+)
+�,F��;8^�$�=9o&"_!_��,?��:� �!#P�$*)s���14�Z32��s+&,9)� �!SP�/��

(−)
H�/��(�($&�(��/1"'2��]Y($&�(��/�"

 IP�/�"-=v�
z1, z2, . . . , zm−1 ∈ N HI!#Z_!%��,9�G<� �!*"

max Ik1
< z1 < min Ik1+1

max Ik2
< z2 < min Ik2+1���

max Ikm−1
< zm−1 < min Ikm−1+1.

�	��!_�� K6�"%:�)�o&�(:�/�"X���8,7�14�2|!%�]�(����:�<�2�:�/��
q(x) := (z1 − x)(z2 − x) · · · (zm−1 − x).

>X$&��AD�&2�<�5
q ∈ Pn

HQ��AB�(�
m − 1 5 n

� b MO+*<Â"%= 2���,B!_�f/14�2��s KP�/�"-= �s�1��:E.D= 2�"_!%��,R;I$#U� KP]!SP�5m:��141CD"% IP�5
m < n + 2

� c¾ �����1��+*"-=v�*��:�/�"�4�!*,�!%�
p∗n +λ q ∈ Pn

"-= 2���,�6�������!#"%$*P@�1$*�� KZ3.I.D,  IP	!SP�5
f
���14|!_�

p∗n
H�.D,F�@68��!#)�����P����

λ ∈ R
�

�	��!%��$*;8U�28HI:��1�( �!SP�$�=9o&�(:�/1"�4�!*,�!%�
q
68��,

e
Z%;I�(:&2	!%�L=v+&, �G�($*4� IP�/��G �!_� S ��>@$&)&.0/���!*, . !%� q

+&"32�Z%;I"-,
$&=vo&"_5� K"m68�&2�Z32��]���(4h!%�f+�,F�� �!SU�/���!%�

(±)
6���,�)�$*�sZ%;I"-,� �!_�&CB"_$&4h�1$*4� IP�/��� K"m68)&CD"m!#Z_!_�8, ��+�,F)� �!SP�/��8�

V WX$&�
q > 0

 �!%�
I1, I2, . . . , Ik1

"_�1"-,9+#Uu6�)&CD"
(zj − x) > 0

 �!%�u+�,F�� �!SU�/���!%�u��:�!#)8Hj!_�
q < 0

 �!%�
Ik1+1, Ik1+2, . . . , Ik2

"3�("%,9+#UE"%+*<
z1 − x < 0

HK"\2�<
(zj − x) > 0

.D,F�
j > 1

HK6D�F�D�76B�
��!SPL 0:&2�Z%;I"-,F��CB�E:��1�����&.D=  K��:�/�"�!%�

λ
�eV M� �!_^

C := max
x∈N

|e(x)| H041�(�(:E:��("\2&CD:�/1=vo&�(:�/�"X4�!*, N "%= 2���,
PfZ32&^� IPf4���^�2z!_^�2s:��(�(+�,F�� �!SP�/�)�!_^�2

[ti, ti+1]
�1��:s+*"32l"-= 2���,��(��!#"

(+)
����!#"

(−)
�E��4�!#"

C < En(f)b ú¥þ õNý�ù�� c ��M���,7��Z3.0�(:�/1" λ > 0
!#Z_!_�8, �E<� �!*"

λ‖q‖∞ < min
{

En(f)−C, En(f)
2

} ��#  K;I:�$�,Fo&4(/1�� �!#"N4�!*,8!%�
p∗n + λq

"%= 2���,86�������!*"_$*P��1$&�( KZ3.I.D,  IPE!#P�5
f
���14L!#P�2

p∗n
�

V MO �!3^
x ∈ N �e��4�!*"
|f(x) − (p∗n(x) + λq(x)| 5 |f(x) − p∗n(x)| + λ|q(x)| 5 C + λ‖q‖∞ < En(f).

V MO �!3^ý!#<�$*�s4�!&,
x 6∈ N �G��4�!#"m!_� x

UzCB�s�&2&U�68"-,� �VDZ32��s+&,9)� �!SP�/��
(+)

Uf 0"mZ32��s+&,9)� �!SP�/1�
(−)

�
M�,F+�,7684�!#"%$&�8HK�*Z%$&�(:�/1"j4�!*,

|f(x) − p∗n(x)| >
En(f)

2
> λ‖q‖∞,

k�k



6���,04�!*,0��,
e
68��,

λq
Z%;I��:&2|!%�l=v+&, �]�1$&4( IP�/1�0�?V W@$*�

|f(x) − (p∗n(x) + λq(x))| = |f(x) − p∗n(x)| − λ|q(x)| 5 En(f) − λmin
x∈S

|q(x)| < En(f).

b ��!SP�2'�1$*<e!SPE,  K4�!SP�!%�8H0 �!SP�2'�1��$&���1)&2�^t K;IZ% IPIHI;I$*P� 0,F/1�1�1�8,7U� 0��/�"j!%�G.0"3.0��2�4�5�H(4�!*,8�&2 a, b ∈ R
�(/�4� IP&[

/��8,�He!#4�!*" |a − b| = |a| − |b| H�"32�< P�!#"_��"_:�!%��=v�h�&2�,  K4�!SP�!%���1$*�(68����!#"-,����14g!%��.0"3.0��2�4�5E4�!&,�!%� q
+&"32

/�P�+&"\2�=vo*"_!%��,I �!%� S � cM��1��/�Z32�^�5@6���!%����U��*��/1"X4�!*, ∀x ∈ [a, b]
H ‖f − (p∗n + λq)‖∞ < En(f)

HK)�!_�(�1�D�
�ô$õ�öÇõNý0�ãöB�?�áø½þ����

ó���MO+*<ÿ�l��$&, CD/14(5
n + 2

�1$&��6�!*,768)� IP�/���= 2�"-,
1 + dim Pn

�
`8��WN2EPl 0:&2�)�$*!SP� IP

e := f − p∗n
������)�o*"-,B�1$&4( KP�/��

n + 2
AB�($&Z%5'Z_�1"_!_��,�4�!*,BP

e
Z_;I"-,B!%�(:���)�;K,  �!_��2

n + 1
$�=9o&"%5���V W@$&�|P

p∗n
�(��$*"%/&Y()�����"_!%��,0 �!*, 5�!*,F/1Z_5	!SP�5

f
 K"

n + 1
 IP�/�"-=9�8�

ÅNÆ�Ç.¤ ¡ ©�¢��CFx.Fx ° ²f»Ë¾ Ö f ∈ C[a, b]
Ù�� Â)¾ Í Ð â Ï Ó0¾¿¸ »Ë¾2Ð�×åÆ}Ì8»CÏ)ÅËÅC¸ »½Ð ¾)Ð?¶ f

´8×2Âì¾gÌ)³
Pn Í¿Î ³¿´®¸Ë¼ÇÌ)³¿´®·8¸ÁÀ.Ä Ù

ò ×2Â8· Í ¸¹èIÐ Ù�V MO �!_^ p, q ∈ Pn
+&���EY(Z3��!&,  �!#"%5	�1$&�� K"3.I.D=  K"-, 5���n�P�����+*U ‖f − p‖∞ = ‖f − q‖∞ = En(f)

�
��4�!#"X68��,I!%�

r = p+q
2 ∈ Pn

HI6���,0"-= 2���,I"_�(=  IP�5XY(Z_��!*,  �!SPE�1$&�( 0Z\.I.D,  IPIHD��AD���
‖f − r‖∞ =

∥∥∥∥f − p + q

2

∥∥∥∥
∞

=

∥∥∥∥
f − p

2
+

f − q

2

∥∥∥∥
∞

5
‖f − p‖∞

2
+

‖f − q‖∞
2

= En(f).

WN�(4�!%� ¾ "_<�$*P�/����K�F`8�¯ósP
f − r

CD�gZ%;I"-,�Z32��� K�&2������
n + 2

 IP�/�"-=9^�2�"32��������&.KU�5z�($*�� IU�/���:8H�Z% �!_^
x0, x1, . . . , xn+1

��V WX$&�m.D,F��68)&CD"
i
H

(f − p)(xi) + (f − q)(xi) = ±2En(f), b "32�������)�� c
"32&<�H

−En(f) 5 (f − p)(xi), (f − q)(xi) 5 En(f),

V WX$&�|.D,F�G68)&CD"
i
H

(f − p)(xi) = (f − q)(xi) = ±En(f). b "32�������)�� c
��:&2�"_��<�5�!%�

x0, x1, . . . , xn+1
"%= 2���,�Z32��@ K�&2������| KP�/�"-=F^�2�"32��������&.KU�5��1$&�( KU�/��(:@!*4( K�'.D,F�@!#P�2

f −p
4� K�

6���,(.D,9�'!#P�2
f − q

H8�(�14�!#"�!%�G�1����:�<�2�:�/��
q− p = (f − p)− (f − q)

Z%;I"%,
n+2

$&=vo&"_5�H�������)
q− p ∈ Pn

�
M��1��/�Z32&^�5�HK�&2��&.K68�� �!*,F6�)8H

q − p ≡ 0 ⇒ q ≡ p
�

���Z_���(5�H8CB�G���1�(+&"-=9�&��:�/�"�68��,I!%�]�&2�!*=  �!#$*��AB�E!%�(: ¾ "_^�$*U�/���!_��5X�K�F`8�¯ó��
ÅNÆ�Ç.¤ ¡ ©�¢��CFx.F� ° ²f»Ë¾ Ö f ∈ C[a, b]

ÀÃ´®¸
p ∈ Pn

Ù�ò ³�Ð
f − p

Ï¨É Í ¸ÑÏ)³¿´ »CÒ8³�ÌÔÓÕÌ »½ÐÃ¼ Í¿Î¹Ö ³ Í ³¿´�Ó®Ó@´µÅËÄ?¶×åÆ}Ì8»½ÄÃ¼ÇÌµºQ×2Ì�º]´8×2Ì)¾ Í Ó Í¿Î ¾g´®¸0´È×2Â æ ¾gÌ�º�ÓÕÛ Éf¸ »Ë¾TÌ�³ é n+2
»½ÐÃ¼ Í�Î ´ ä ¾µÂ)¾ Í ¾TÌ p Í¿Î ³¿´®¸ â Ï Ó0¾¿¸ »Ë¾2Ð ×åÆ}Ì2»ÕÏ�Å½ÅC¸ »}Ð�¾)Ð?¶

f
´È×2ÂQ¾TÌ)³

Pn
Ù

k&�



ò ×2Â8· Í ¸¹èIÐ ÙjV MO �!3^ x0 < x1 < · · · < xn+1
Z\2��l K�&2������h IP�/�"-=9^�2]"32��������&.KU�5|�1$&�( IU�/1�(:L.D,F�l!SP�2

f − p6���,DZ% �!_^ 4�!*,KP
q
"%= 2���,K/1,9�G6�������!*"_$*PG�1$&�( 0Z\.I.D,  IPL!SP�5

f
���14l4�!*,0P

p
�On�P�����+*U�CD�L,  K;I��"-, ‖f − q‖∞ <

‖f − p‖∞
�e��4�!*"

|f(xi) − p(xi)| = ‖f − p‖∞ > ‖f − q‖∞ = |f(xi) − q(xi)|, ∀i = 0, 1, . . . , n + 1.

��<�$*�	CD�';I$*P� 0,9/��1�(��,FU� K�(:�/1"�!_�G.0"\.0��2�4�5�4�!*,��&2 |a| > |b| H(!*4�!#"��8, a 6���, a− b
"-= 2���,(�(/�4� IP�/��8, b ú¥þ õNý�ù�� c �V WX$&�	!%�

q− p = (f − p)− (f − q)
Z%;I"%,(!%�L=v+&, ���1$&4( KP�/��G/�"�!#P�2

f − p
H168��,8"3�(�(/�Z32�^�5j������)�o&"-,1�($*4� IP�/��

n + 2
AB�($&Z%5��zV M�!# 0,e!_�

q − p
Z%;I"%,?!%�(:���)�;K,  �!_��2

n + 1
$�=9o&"%5�H?68��,�"3�("%,9+#U�!%�

q − p ∈ Pn
CD�{�1$*Z_�1"-,

q − p ≡ 0
HK)�!_�(�1�D����:&2�"_��<�5@!%�

p
"-= 2���,8PmY(Z_��!*,  �!SP]�1$&�( KZ3.I.D,  IPG!SP�5

f
���14]!%��2

Pn
�

�ô$õ�öÇõã÷½ø½ù4úfûüõãý0õO�
ó���V MO �!3^

f ∈ C[a, b]
� $@)�;�2�^s!SP�Y(Z_��!*,  �!SPj�1$&�� KZ3.I.D,  KP

p∗0
!SP�5

f
���14X!%��2

P0
��WN2

f ∈ P0 ⇒ p∗0 = f
�

V MO �!3^Î4�!&,BP
f
+&"32L"-= 2���,B �!%�&CD"%$#UI�XM��1"-,F+*UzP

f ∈ C[a, b]
HR!#4�!*"	����/&Y()&2�"-,R/�Z3.D,  �!SPz6���,R"_��)�;K,  �!#P

!*,9/�UI��n�P�����+*U	:��1)�$*;I��:&2
x1, x2 ∈ [a, b] : x1 6= x2

/�"
f(x1) = max f(x)

68��,
f(x2) = min f(x)

�
V MO �!3^

p∗0 := 1
2 [max f(x) + min f(x)] = 1

2 (f(x1) + f(x2))
����4�!#"

f(x1) − p∗0 = f(x1)−f(x2)
268��,

f(x2) − p∗0 = − f(x1)−f(x2)
2

HK�(�14�!*"
f(x1) − p∗0 = −(f(x2) − p∗0)

6���,
|f(x1) − p∗0| = |f(x2) − p∗0| =

1

2
(f(x1) − f(x2)) =

1

2
(max f(x) − min f(x)) .

V W@$*�{!_�
x1
6���,

x2
"-= 2���, ·2Ò®Ì  IP�/�"-=v�h"32��������&.KU�5G�1$&�( KU�/��(:f.D,F�h!SP�2

e := f − p∗0
He�1�14�!#"G!%�

p∗0"-= 2���,�PgY(Z_��!*,  �!SPt��/��8,F4�/���$*ADPd�1$&�( 0Z\.I.D,  IPt!SP�5
f
 �!%�

[a, b]
���(4a!_��2

P0
H�68��,

E0(f ; [a, b]) =

1
2 (max f(x) − min f(x))

�
`8� ¾ "_^�$&�(��/�"X!SP�2

f(x) := sin 4x
 �!_�

[−π, π] b Y1�I�O��;8U�/����K�F` c �

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

f(x) = sin(4x) 

��;8U�/����K�F` p

k�®



W@AD���d:��1)�$&;I��:&2�½� IP�/�"-=v�d�1��:dP
f
�1��=v$S2�"-,�!&, 5�!*,9/�Z%5 ±1

HNZ3�("3!%��,�4�!*,�:��1)�$&;I��:&2¢óS²�+�,F��AB�($&"\[
!*,F6�)s 0�&2������z IP�/�"-=9^�2]"32��������&.KU�5m�1$&�� IU�/���:L�1��:z���1��!#"_�����&2&!%��,����(4{`z IP�/�"-=v�8HQ6���,Q)�$&�

p∗0 = 0
�

M���,7����Z%��28HK�1��$&��!SP�$*U� �!#"X4�!*,
p∗1 = p∗2 = · · · = p∗6 = 0

H0������)
p∗7 6= 0 b ú¥þ õãýÇù��&%��

���|�1$*4�Y1��P�/��@!SP�5�"%��$&"% IP�5�!SP�5�Y(Z_��!*,  �!SP�5N�(/��8,F4�/���$*ADP�5��1$*�� KZ3.I.D,  IP�5�/1,9��5� K:&2�)�$#!#P� IP�5
f ∈ C[a, b]"-= 2���,�"32z.0Z32�"-,��1������+*�� I68�����D�s��!#Ph K:&2�Z%;I"%,9�sCD�h+*����/�"G/1,9�h KP�/��&2&!&,76�U{�1"%$�=F��!_^� IP�41�1��:f68��!*,?!#Z_!%��, �

"-= 2���,I+&:&2���!#4�2m/�"X!SPmY(�(U�CD"-,F�G!_^�2��1����:�^�2���/�^�2
Chebyshev

�


 �\È ' ��äì���o�=���'�
Chebyshev

�
>X$&��!%�(�@+�,F��!#:��1<� K�(:�/1"�!_�m�1$&4�Y1��P�/1�@�1�(:�/1��5�"32�+�,F��ABZ%$*"-,�H�CB��:��1"32*CD:�/(=  K�(:�/1"�!_��2���$&,  K/�4|!%�(: ×2ÌÔÓ.º Ö ³ÈÒ*y¼ÇÌµº

Chebyshev
×åÆCÊ ¾TÌµº Í¿Î ·8Ìµº@¶ H8�1��:m+�= 2�"_!%��,K���14]!SPE K;IZ% IP

Tn(x) := cos(n arccos x), x ∈ [−1, 1]. b �K�F² c
°�)��1,  �!_�g,  K;I��"-,�!%�d��6�4�����:&CD����U�/�/��8� b ~?,9�{!SP�2{���(4(+&"-,F�*U{!%�(:fY1��Z_�1"G!%�g©�U�/1/��s�K�¯óz �!%��Y�, Y1�1= ��!_^�2WN68$�= Y1Pm6���,0nG�(:&.0����UIH�¸7`8HK 0"3�I�`óS®�`*[TóS®�k*º»�
 O¡ ©Ñ©�¢��CF�.¯¬ Ú ¸¹´�¾T´�×2ÌÔÓ.º®ÊÑ³Iº)¼½´�¾gÌ�º

Chebyshev
×åÆCÊ ¾gÌ�º Í¿Î ·2Ì�º@¶¥¸ »)É6Ò Í ¸}Ì]´8³¿´®·ÞÆ}Ì¿¼Ç¸ÁÀ@ÂÈ¶,¾¿ÒÃ×2Ì8¶





T0(x) = 1

T1(x) = x

Tn(x) = 2xTn−1(x) − Tn−2(x), n = 2.

b �K� · c

Ú ¸¹´
n = 1

¾gÌ
Tn Í¿Î ³µ´®¸0Ï�³µ´Q×2ÌÔÓ.º®ÊÑ³Iº)¼ÇÌ â ´®Ü®¼ÇÌ2Ò]´IÀ�Æ}¸ â Êü¶ n

¼ Í »}º8³I¾ Í Ó Í »Ë¾2Ä�¼ Í ÅC¸ »½¾gÌ â Û®Ü®¼Ç¸ Ìµº�ÂåÆÇÌµº 2n−1 Ù
M��1�&2�"%$*;I4�/��� �!#"E!S<�$&�� �!%��o*U�!SP�/���!SP�5s"%��$&"_ KP�5L!SP�5LY(Z_��!*,  �!#P�5f�(/1��,94(/���$&A0P�5L�1$*�� KZ3.I.D,  IP�5s/1,9��5

 K:&2�)�$#!SP� KP�5
f ∈ C[a, b]

�eM�,F+�,7684�!#"%$&�8H8CD�G�� K;I����P�CD����/�"�/�"X!%�]��684�����:&CD�ô$öQÒ(�)�Q�ãû õ+*�� � �1�����&.D=  �!*"	!SPEY(Z3��!&,  �!SPs�(/1��,94(/���$&A0PG�1$&�� KZ3.I.D,  KP]!SP�5m K:&2�)�$#!#P� IP�5
f(x) := xn ���(4!_��2�:��14�;8^�$&�

Pn−1
 �!_�X+�,F)� �!#P�/��

[−1, 1]
� b¥ "_�(,7���&.KUj!_��:� K:&.K68"_6�$�,F/�Z32��(:�+�,F�� �!SU�/���!%�(5�+�,F"%:�68�����&2�"-,S�1= [.0�j!%���1$&)&.0/���!%�8� c WN2���o*P�!%�(��/�"&H#+*P�����+*UIH p∗n−1 ∈ Pn−1

H*!#Z_!_�8, �N<� �!#" ‖xn−p∗n−1‖∞ = En−1(f ; [−1, 1])
�

�L��û���³��ñþJ�áûOÒ���� ¾ Z_!%�(:�/�"
p(x) := xn − p∗n−1(x)

68��,
M = ‖p‖∞ = En−1(f ; [−1, 1])

�
°�"N!#PmY(�1U�CD"-,9��!_��:E K:�/&Y(���1,  K/1�(�]��:�!_����!_�l>@$*4�Y1��P�/���ó	+�,F��!#:���<�2�"_!_��,B,  K��+*�&2���/���^�5	"%�*U�5 pô$öQÒ(�)�Q�ãû õ-,�� ��$&"-= !#"�!_�m�1����:�<�2�:�/��

p ∈ P̂n
b p �(����:�<�2�:�/��NY(�&CB/��(� n

/�"� K:&2�!#"_��"% �!SU�/�"3.D,  �!%��Y()&CD/1, �(:
4($&��:�!SP@/���2�)�+*� c �1�(:j�1$&�( K"3.I.D=vo*"-,#6�������!*"_$&��!#PX/�P�+&"32�,F6(UX K:&2�)�$#!SP� KPj^�5��1$*��5�!#Pj2�4($&/�� ‖·‖∞ ��n�P�����+*U!_�

p ∈ P̂n
�1��:GZ%;I"%,K!SP�2G"3��)�;K,  �!SPL+&:&2���!SUm2�4($&/��� �!%��2

(C[−1, 1], ‖ · ‖∞)
�

k�²



��<�$&�8H��&2
p∗n−1

"-= 2���,�PhY(Z_��!*,  �!SP���/��8,F4�/���$*ADPh�($*�� KZ3.I.D,  IPd!SP�5
f
���14�!%��2

Pn−1
H�!#4�!#"]!%�

p :=

f − p∗n−1

Z_;I"-,QZ32��z K�&2������h IP�/�"-=9^�2l"32��������&.KU�5m�1$&�� IU�/���: −1 5 x0 < x1 < · · · < xn−1 < xn 5 1���14
(n − 1) + 2 = n + 1

 IP�/�"-=v�8��n�P�����+#U |p(xi)| = M
H
i = 0, 1, . . . , n

6���,
p(xi+1) = −p(xi)

H
i = 0, 1, . . . , n − 1

� b °�"s!SP�2�����P�$&��AD��$&=v�g��:�!SUt6���,�/�4�2��tCD�u��6�������:&C0U� K��:�/�"s!#Pt+�,F��+�,768�� 0=v�d!%�(:
Chebyshev

.D,9��2��m���� K��:�/�"@!%�L�($*4�Y1��P�/��8� c ¾ ���1"%$�, .0$&).!B�(:�/�"N!SP�2G"_�(=F��:� KPE K"jY1U�/���!_� p*D³/���ãûüõ�� ∀xi ∈ (−1, 1) ⇒ p′(xi) = 0
H���AD���f!%�

xi
"%= 2���,? KP�/�"-=9�h!_�(�(,F6(<�2h��68$&��!#)�!_^�2s.D,F�h!SP�2

p
�

V q@/�^�5�!%�
p′
"-= 2���,IZ32����1����:�<�2�:�/��GY(�&CB/��(�

n − 1
HK�(�14�!#"@Z%;I"-,I!%�L�(�����

n − 1
$&=vo&"_5���V W@$*�|CD�G�($*Z_�1"-,

xi ∈ (−1, 1)
6���,

p′(xi) = 0
.D,F�

i = 1, . . . , n − 1,

6���,
x0 = −1, p′(x0) 6= 0, xn = 1, p′(xn) 6= 0.,R³0���ãû õO� ¾ "_^�$&�(��/1"L!%���(����:�<�2�:�/��

M2 − p2 ∈ P2n
�t~Q2&^�$�=vo*��:�/�"L4�!*,

M2 − (p(xi))
2 = 0

H�.D,9�
i = 0, 1, . . . , n

H�68��,
M 2−p2 = 0

 �!%�
[−1, 1]

��V W@$*��!%�
x1, x2, . . . , xn−1

�1$&Z_�1"-,�2��	"-= 2���, b !_��:���)�;K,  �!%��2 c+&,F����Z%5|$�=vo*"%5	!%��:
M2 − p2 HR6���,R�8, x0, xn

������Z%5���WX:�!*4s4(/�^�5�/���5m+�= 2�"-,D 0:&2����1,F6�)
2(n − 1) + 2 = 2n$&=vo&"_5�H8�(�14�!#"@��:�!#Z%5�"-= 2���,I4���"%5��8,K$�=9o&"%5N!%��:

M2 − p2 �
1 ³2�?�ãûüõ�� WX5?CD"_^�$*U� K��:�/�"�!_�N�1����:�<�2�:�/��

(p′)2 ∈ P2(n−1)
�����

(p′)2
Z%;I"%,#+&,F����Z%5e$&=vo&"_5�!*, 5

x1, x2, . . . , xn−1b 6���,�68��/�/1=v�')�����P c H8"_�1��/�Z32&^�5j!_� (1−x2)(p′(x))2
Z%;I"-,8+&,F����Z%5N$�=vo*"%5�!*, 5

x1, x2, . . . , xn−1
68��,�������Z%5j!&, 5

x0, xn
�eM��1"-,9+#UE�EY(�&CD/�4�5@!_��:

(1 − x2)(p′(x))2
"-= 2���,

2n
Z%;I��:�/�"jY($*"-,K4���"%5@!*, 5	$�=vo*"%5N!_��:8�

b ��<�$*�GZ%$&;I"_!_��,KPE��, !&=9�E4���P�5���:�!#U�5�!SP�5� K:�o*U�!SP� IP�5��("_$�=K$�,Fo*<�28� c3 ³4���ãûüõ�� ���
M2 − (p(x))2

68��,
(1 − x2)(p′(x))2

"-= 2���,�68��,8!%�G+*���L�1����:�<�2�:�/��|Y(�&CD/����
2n
68��,KZ%;I��:&2

!*, 5	=9+�,F"%5X��6�$�, Y1<�5@$�=9o&"%5���V W@$&�	!%�]Z32��	CD�m�1$&Z_�1"-,�2��|"-= 2���,��1���������1��)� 0, �L!%�(:G)�������:8�����E"32�+�,F��ABZ%$*��2�"-= 2���,
4�!*,Q/��1�($&����/�"'"%��68�����L2��l:��1�����&.D=  K��:�/�"'68��,R!SPs �!_�&CD"%$&)z��:�!SUI�mqþ K:&2�!#"_��"% �!SU�5m!%�(:z/�"3.D,  �!%��Y()&CB/1, �(:
4($&��:|!%��:

p
"%= 2���,}ó�HK"32&<�!%�(:

p′
"-= 2���,

n
HK 0:&2�"_��<�5XCD���($*Z_�1"-,

M2 − (p(x))2 =
(1 − x2)(p′(x))2

n2
. b ú¥þ õãýÇù�� c

V WX$&�
p′(x)√

M2 − (p(x))2
=

n√
1 − x2

. b �K�F½ c
b �	�&2���2�,F6�)8H�"%+#<ÐCD�uU�CD"_��" ± �ÎV q@/�^�5{.I2�^�$&=vo*��:�/�"z4�!*,�P p′

"-= 2���,OCD"_!*,F6(Ua K"s68)��1�8, ��+&,9)� �!SP�/��8HN6���,
:��1�1CDZ_!_��:�/�"@4�!*,D"-= 2���,�CD"_!*,F6(UE �!_�

[−1, x1)
� cqX���(6(��P�$*<�2���2&!%��5X!SP�2 b �K�F½ c Z%;I��:�/�"

arccos

(
p(x)

M

)
= n arccos x + C

⇒ p(x) = M cos(n arccos x + C). b �K�F¿ c
k ·



V q@/�^�5
p(−1) = −M

H b ��AD���fCB"3^�$*U� K��/�"l4�!*, p′(−1) = 0 c HO�(�14�!#"L�1��=v$S2���2�!_��5 x = −1
 �!SP�2 b �K�F¿ cZ%;I�(:�/�"�4�!*, −1 = cos(nπ + C) ⇒ C = mπ

HB41�1��:G!%�
m
"-= 2���,I!#Z_!%��, �s<� �!#"

n + m
2��E"-= 2���,0�1"%$�, !#!#4(5��

��:&2�"_��<�5
p(x) = M cos(n arccos x + mπ)

⇒ p(x) = ±M cos(n arccos x). b �K�¯óS¹ c
Wj2XP	 K;IZ% IP b �K�¯óS¹ c  K��5�CD:�/(=9o&"-,�68)�!*,�H1�&2���!#$&Z%�#!#"� �!%��2��($�,  K/�4|!_��:@�1����:�^�2���/��(: Chebyshev Tn

Y(�&CD/����
n
HIY1�I� b �K�F² c ��M��("%,9+#Ul�z K:&2&!*"3��"% �!SU�5	!%�(:]/�"3.D,  �!%��Y()&CD/(, ��:z4($&��:G!_��: p

"-= 2���,Nó�HD"32&<��l�s 0:&2&!#"_��"% �!#U�5
!_��:G/�"3.D,  �!%��Y()&CB/1, �(:l4($&��:|!%��:

Tn
"%= 2���,

2n−1 HIPG���� KPL �!%�L�($*4�Y1��P�/�)G/���5XCD���($*Z_�1"-,K2���"-= 2���,
p(x) = 2−n+1Tn(x).

M��1"-,F+*UE/�)��1,  �!%� |Tn(x)| 5 1
H8.D,9� |x| 5 1 b ú`þÿõNý�ù � c PG"_��)�;K,  �!SP�2�4($&/��'CD���1$&Z3�("%,82��m"-= 2���, M = 2−n+1 �

���!SPg K:&2�Z%;I"%,9�hCD�h+*<� K��:�/�"l/1,F� b �(, �d68��/5!0U c ���14�+*"-,9�#Ph!_��:��1$*��Y1��U�/���!%�(5z��:�!%�(� b Z%;I��2�!_��5]����Z%��2.I2&<� KPG!3^�2G�1����:�^�2���/�^�2�!_��:
Chebyshev c �

ÅNÆ�Ç.¤ ¡ ©�¢��CF�.¯¬ Ú ¸4´�À@Û®Ü Í n = 1 ä ¾gÌ p∗n−1(x) := xn − 2−n+1Tn(x) Í¿Î ³µ´®¸NÏ)³¿´�×2ÌÔÓ.º®ÊÑ³Iº)¼ÇÌ ¾gÌ�º Pn−1Å0¸4´�¾TÌ]ÌI×2Ì Î Ì
2−n+1 = ‖xn − p∗n−1‖∞ < ‖xn − q‖∞, ∀q ∈ Pn−1.

« Ð�Ó@´®·®Ä%¾TÌ
p∗n−1 Í¿Î ³¿´®¸EÐ â Ï ÓC¾¿¸ »Ë¾)Ð Ì�¼ÇÌ8¸¹Â¿¼ÇÌÞÆ0�ÕÐ�×åÆ}Ì8»CÏ)Å½Å0¸ »½Ð�¾)Ð?¶'»}º8³ÈÛTÆË¾)ÐÃ»}Ð?¶ f(x) := xn ´È×2Â!¾TÌ�³ºÃ×2Â¨É Ö Æ}Ì Pn−1
»Ë¾TÌ=·8¸¹Û®»½¾)ÐÃ¼Ë´

[−1, 1]
Ù

ò ×2Â8· Í ¸¹èIÐ Ù�~Q2�^�$�=9o&�(:�/1"N4�!&,I!%� 2−n+1Tn(x)
Z%;I"-,0 K:&2�!#"_��"% �!SUG!%��:E/�"3.D,  �!%��Y()&CD/(, ��:L4�$&�(:m!%�(: ó�HK�(�14�!*"

!_�
p∗n−1 ∈ Pn−1

�NM��(=  IP�5�HQ�&2
xi = cos (n−i)π

n

H
i = 0, 1, . . . , n

H0!#4�!#" −1 = x0 < x1 < · · · < xn−1 <

xn = 1
HK6���,

Tn(xi) = cos(n arccos xi) = cos((n − i)π) = (−1)n−i.

M��1"-,F+*U |Tn(x)| 5 1
H�.D,F� |x| 5 1

H�Y($*U�6���/�"�Z32��s K�&2������
n + 1

 KP�/�"-=F^�2f"32��������&.KU�5��($*�� IU�/���:8��V W@$*�
!_�

xn − p∗n−1(x) = 2−n+1Tn(x)
,768�&2��(�1�8,F"-= |xn − p∗n−1(x)| 5 2−n+1 68��, ∀i = 0, 1, . . . , n

,  K;I��"-,
xn

i −p∗n−1(xi) = 2−n+1Tn(xi) = (−1)n−i 2−n+1 �QV W@$*��!%� p∗n−1

�1$&Z3�("%,#2���"-= 2���,-P�Y(Z3��!&,  �!SP@�(/��8,F4�/���$*ADP
�1$&�( KZ3.I.D,  IPE!#P�5

xn ���(4L!%��2
Pn−1

 �!_�l+&,9)� �!SP�/1�
[−1, 1]

�
�

À ª.¤8¦¯§)©�¢��CF�.¯¬ � Ì
p ∈ P̂n

¼ Í ¾)ÐÃ³ Í ÓÕÛ É6¸ »½¾)Ð ‖ · ‖∞ ³ÈÂåÆÕ¼Ë´Q»Ë¾TÌ)³
C[a, b] Í¿Î ³µ´®¸½¾TÌ

p(x) =
(b − a)n

2n 2n−1
Tn

(
2x − b − a

b − a

)
.

k�½



687:9;7=< >�?A@CB�DFE�DAG�HID�JLKNMPOAQSRPJLK�T�UVJLK
Chebyshev

7
�����1����:�<�2�:�/��

Chebyshev
HI4(��^�5@"-=9+&��/�"&HI"%= 2���,8!_� b /1��2���+�,768)8H8�1$&�&.0/���!*,768) c �1����:�<�2�:�/��|Y(�&CD/���� n b /�" K:&2�!#"_��"_ �!SUE/�"3.D,  �!%��Y()&CB/1, �(:]4($&�(:�ó	�&2

n = 0
HI6���,

2n−1 �&2 n = 1 c HK�1��:G,768�&2��(�1�8, ���&2�!SPE K;IZ% IP
Tn(cos θ) = cos nθ,

.D,9�G68)&CD"
θ.

V MO;I��:&2m�1)�$&�m�1������Z%5	"32�+�,F��ABZ%$*��:� K"%5@,F+�,F4�!SP�!*"_5@68��,K �!SPE K:&2�Z%;I"%,9�mCD�E�&2���ADZ%$&�(:�/1"j/�"%$�,768Z_5��
ó��

Tn(x) = 2xTn−1(x) − Tn−2(x)
.D,F�

n = 2
�

ò ×2Â2· Í ¸ è@Ð Ù�>X$&�168����!#"-,I���(4L!SP�2�!#$�, .K^�2���/�"_!#$�,76�UG!_��:�!#4�!SP�!_�
cos nθ + cos(n − 2)θ = 2 cos θ cos(n − 1)θ.

��4�!*"
cos nθ = 2 cos θ cos(n − 1)θ − cos(n − 2)θ

⇒ Tn(cos θ) = 2 cos θ Tn−1(cos θ) − Tn−2(cos θ), ∀θ

x=cos θ⇒ Tn(x) = 2xTn−1(x) − Tn−2(x), ∀x ∈ [−1, 1].

M��("%,9+#UL!_�
Tn, Tn−1, Tn−2

"%= 2���,8�1����:�<�2�:�/��GPG�1��$&���1)&2�^ÿ K;IZ% IP�CD�L,  K;I��"-,K.D,F�G68)&CD"
x ∈ R

�
�

`8�jq�,Q$�=vo*"%5�!%�(:]�1����:�^�2���/���:
Tn

"%= 2���,
x

(n)
i = cos (2i−1)π

2n

H
i = 1, 2, . . . , n

�XM�= 2���,R4���"%5'!_��:�5|���1��Z_5
68��,K�&2�U�6���:&2m �!_�

(−1, 1)
�ò ×2Â2· Í ¸ è@Ð Ù µ ¶ �O���?�����

k8��°�"_!_���&�G+*���]+&,9��+*��;K,F6(<�2G$�,Fo*<�2|!%�(:
Tn
:��1)�$&;I"-,0��68$�, Y1<�5@/1=v�G$&=vo*�m!%�(:

Tn−1
�ò ×2Â2· Í ¸ è@Ð Ù�MO��6������|Y1��Z_�1��:�/�"@4�!*,I.D,F�G68)&CD" i = 1, 2, . . . , n − 1

,  K;I��"-,
2i − 1

2n
<

2i − 1

2(n − 1)
<

2i + 1

2n

⇒ x
(n)
i > x

(n−1)
i > x

(n)
i+1.

�

�K�������1����:�<�2�:�/��
Tn
68��,

Tn−1
+&"32mZ%;I��:&2|68��, 2�Z%5@$&=vo&"_5��ò ×2Â2· Í ¸ è@Ð Ù�W@:�!#4G"-= 2���,()�/�"% K�G���14�!SP�2# +�,F4�!SP�!%�mk8H���5N+*����/�"�4�/�^�5j68��,�/1,F�m)�����P|���(4(+&"-,F�*PI��V M� �!_^

x0
68�8, 2�U]$�=9o&�L!_^�2

Tn
68��,

Tn−1
�'n�P�����+*U

Tn(x0) = Tn−1(x0) = 0
��V W@$*�l���14f!#P�2L# +�,F4�!SP�!_��ó�H

Z%;I��:�/�"�4�!*,D68��,
Tn−2(x0) = 0

��MO�1�&2�������/�Y()&2���2�!%��5	��:�!#4z!%�l"_�(, ;I"-=v$#P�/��]Z%;I�(:�/�"�4�!*,
Tk(x0) = 0.D,9�

k < n
HI6���,K!_�z=9+�, �l,  K;I��"-,D68��,8.D,F�

k = 0
��V WN!%�1�(�]��AB�(�m!%�

T0(x) = 1
+*"32�Z_;I"-,0$&=vo*"%5��

�

k�¿



®8�����h�1����:�<�2�:�/��
Chebyshev

"%= 2���,?��$#CD�&.K<�2�,9�h �!_�
[−1, 1]

^�5]�1$*��5E!%��"% I^e!*"_$�,7684�.D, 2�4�/�"32��g/�"
Y()�$&�(5

w(x) := 1√
1−x2

�ò ×2Â2· Í ¸ è@Ð Ù�~?,F� m 6= n

∫ 1

−1
Tm(x)Tn(x)

1√
1 − x2

dx
x=cos θ

=

∫ π

0
cos mθ cos nθ dθ = 0.

~?,9�
m = n

∫ 1

−1
T 2

n(x)
1√

1 − x2
dx =

∫ π

0
cos2 nθ dθ =





π,
�&2

n = 0

π
2 ,

�&2
n > 0

.

�1¹



l monqpsrutwv@x W

X � Ö Þ � � Þ ß {�� � Ù ~ Ú�� ßZY � Ö � �

��!_�h68"_AB)�����, �{��:�!#4���68�����(:&CD����/�"&HR6�:�$�=9^�5�HQ!*, 5E IP�/�"-,7<� 0"%, 5G�(��$*��+&4( 0"3^�2]!3^�2f�X���X��!#)�$#PIH�¸ · º»H�6���,R!%�
Y�, Y1�1= �]!3^�2G~��IWX68$&=7Y1P|68��,[�@�KnG��:&.0����UIH�¸7`*º»�
\��)� ' ��äì�LÊo�=��� �g�2� æ��ì�'�f��ö��	ä]�

Lagrange
�

qè �!#4�;I��5L �!#P�2f�1����:�^�2�:�/(,76�Uh�1��$&"%/&Y(����U
Lagrange

"-= 2���,�2��{�1$&�( K"3.I.D=  K��:�/�"E/(,F�� K:&2�)�$*!SP� IP�/&VQZ\2��
�1����:�<�2�:�/��d/�"L!#Z_!_�8, �d!#$&41�(��<� �!#"LP� K:&2�)�$*!SP� IP�6���,�!%�g�1����:�<�2�:�/���2��f�1��=v$#2���:&2s!*, 5f=9+�,F"%5E!&,F/�Z%5z K"
+*"%+&�(/1Z\2��E IP�/1"%=v�8�����s�1$&4�Y1��P�/��L���8,7�(4�2L!SP�5m�1��$&"%/&Y(����U�5	CB�l/��1�($&���� K"@2��]+�,F��!#:��1^�CD"-=Q^�5m"_�*U�5 p nG��[CDZ32&!_^�2

n + 1
+�,F��AB��$*"_!*,F6(<�2s�&2��s+&���� IP�/�"-=F^�2

x0, x1, . . . , xn
6���,�!3^�2f!&,F/�<�2

f(xi)
H
i = 0, 1, . . . , n

H
/1,F��5z K:&2�)�$*!SP� IP�5

f
 �!%�� IP�/�"-=v�h��:�!#)8H�2��fY($*"3CD"-=��1����:�<�2�:�/��

p ∈ Pn
He!#Z_!%��, �u<� �!#"

p(xi) = f(xi)
H

i = 0, 1, . . . , n
�ý°�"%$�,768)d"%$#^e!#U�/���!_�u�1��:g�1$&�168����!%�(:&2dAB:� 0, �����&.D,768)u"-= 2���,�!%����684����(:&CB� p � c � �1)�$S[;I"-,e!#Z_!%��, �t�1����:�<�2�:�/��0HO6���,O�&2{2���,�H�"-= 2���,�/���2���+&,F6�4D±gY c �1�8, ��=�!#$&41�1�8,�:��(�����&.D,  0/��(�d6���,��1��$*)� �!_�� KP�5!_��:u�1����:�^�2���/1�(:t:��1)�$&;I�(:&28±ý. c /��1��$*����/�"z2���Y($&�(��/1"f"_6(!*,9/�U� K"-, 5h.D,F�t!_�  KAD)���/1�d!SP�5h�1��$&"_/�Y(����U�5

e(x) = f(x) − p(x)
H�4�!_�&2

x 6= xi
H
i = 0, 1, . . . , n

±L68��,�+ c /��1��$&�(��/�"|2��]Y($*����/�"�AB$*)&.0/���!%�z.D,9�s!SP�2�1�8,F4�!SP�!%�|!SP�5��1$&�( 0Z\.I.D,  IP�5N!SP�5
f
���(4�!_�

p
H(6��&C0<�5N����$&, CD/14(5j!3^�2' IP�/1"%=9^�2 b 6���,()�$&��6���,��'Y(�&CD/�4�5�!%�(:�1����:�^�2���/��(: c ��:��&)&2�"%,J±���m�������(�� �!#"%$*�|�1��$&)�+*"-, .0/��@�1��$&"%/&Y(����U�5�"-= 2���,�P@.0$*��/�/(,76�U	�1��$&"_/�Y(����UIH1+#P�����+*U�P��1"%$�=F��!_^� IP

n = 1
�

V qX��^�5sAB��= 2�"_!_��,O)�/�"% K�g���14u!_�a��;8U�/��g®8�¯ó�H�!_�u�1$&4�Y1��P�/���!#P�5l.0$*��/�/(,76�U�5z�1��$*"%/&Y(����U�5sZ%;I"-,�/1��2���+�,76�U
���� IPI�eM�= 2���,K"3��=  IP�5X�1$*��AB�&2�Z%5j4�!*,K�&2|+&"32	.I2�^�$&=vo*��:�/�"�!&=F�1��!_�|.D,F�m!SPE 0:&2�)�$*!SP� IP

f
"_6�!#4�5N���14L!*, 5@!*,F/1Z_5

!SP�5� �!%�E IP�/1"%=v�
a
68��,

b
HI!#4�!#"X!_�z KAB)���/��

e(x) := f(x) − p(x)
/��1��$&"%=I2��|.D= 2�"-,K�1�����G/�"3.0)����0�

V Me2���5�!#$&41�1��5�:��1�����&.D,  K/�����!%�(:
p
"-= 2���,&2��X!_�|.0$&).!D��:�/�"O^�5�Z\2��@ �!%�&CD/�P�!#4�/�Z% K�|!_^�2

f(a)
68��,

f(b)
H

p(x) =
x − b

a − b
f(a) +

x − a

b − a
f(b).

b WX:�!*4(5�"-= 2���,I�L!#$&41�1��5@�1��$&)� �!%�� IP�5�!%�(:��(����:�^�2���/���:��1��$&"%/&Y(����U�5@6���!*) Lagrange
� c

�Có



V Me2���5�)������(5m!#$&41�(�(5|.D,F�l2��L.0$*).!B�(:�/1"	!%�
p
�1$&�168����!#"-,Q/1"'!SPlY(�(U�CD"-,F�z!#P�5m"%��=  I^� IP�5�!SP�5�"%:&CD"-=v��5

�1��:G+&,9Z_$&;I"_!_��,0���14]!_�E KP�/�"-=9�
(a, f(a))

6���,
(b, f(b))

H
p(x) = f(a) +

f(b) − f(a)

b − a
(x − a).

b WX:�!#UE"%= 2���,8PEZ_6�AB$*�� KPm!%��:G�1����:�^�2���/��(:��(��$*"%/&Y(����U�5� �!SPE/���$*ADU�!_��:^�@"_��!_^�2��8� c

a bx

e(x)p

f
y

x

��;8U�/��E®8�¯ó p ~?$*��/�/(,76�UG�1��$*"%/&Y(����UI�
��!SPG.0"32�,76�U��1"%$&=9��!_^� IPLZ%;I�(:�/1"j!%�z��6�4�����:&CD�GCB"3<�$*P�/��

ÅNÆ�Ç.¤ ¡ ©�¢d�.¯¬®¯¬±° ²f»Ë¾ Ö ¾g´ n + 1
·8¸¹´IÀ¿Æ}¸ ¾¿Û�»½ÐÃ¼ Í¿Î ´ x0, x1, . . . , xn ∈ R

À@´®¸}Ì8¸N¾¿¸¹¼�ÏT¶=¼Ç¸¹´I¶=»½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð?¶
f
»Ë¾T´ »½ÐÃ¼ Í¿Î ´�´ÈºÃ¾¿Û f(x0), f(x1), . . . , f(xn) ∈ R

Ùl� Â)¾ Í ºÃ×2ÛTÆ�É Í ¸ã´IÀ�ÆÇ¸ â Êü¶]Ï�³µ´ ×2ÌÔÓ.º®ÊÑ³@º�¼ÇÌ p â ´®Ü®¼ÇÌ2Ò¾gÌ�×2ÌÔÓÕÒ
n
¾¿Ï�¾gÌ8¸ Ì=Ê
»Ë¾ Í

p(xi) = f(xi), i = 0, 1, . . . , n. b ®8�¯ó c
ò ×2Â8· Í ¸¹èIÐ Ù?~?,9�'!SP�2m���14(+&"-,F�*P'!SP�5X���1��$&�#P�5N"32�4�5��1����:�^�2���/���: p ∈ Pn

�1�(:�,768�&2��1�1�8,F"-=(!*, 5 b ®8�¯ó c ��$*68"%=12��6���!%�� I68"%:�)� K�(:�/1"�Z32��'!#Z_!_�8, �E�1����:�<�2�:�/��D��~�,F�|!_�E K6��(�14G��:�!#4mCD"_^�$&�(��/1"�!_� ×2ÌÔÓ.º®ÊÑ³Iº)¼½´
Lagrange

�1��:
�($�=vo*��2�!%��,8^�5�"%�#U�5

Li(x) :=

n∏

j=0
j 6=i

x − xj

x − xi
, i = 0, 1, . . . , n.

���
Li
"-= 2���,I�1$&��AD�&2�<�5j�(����:�<�2�:�/���Y(�&CD/����

n
68��,KZ%;I��:&2|!SPL;I��$&��6�!SP�$&,  �!*,76�UL,F+�,F4�!#P�!_�

Li(xk) = δik =





1,
�&2

i = k

0,
�&2

i 6= k.

q@$&=vo&�(:�/�"j!S<�$&��!_�l�1����:�<�2�:�/��
p
^�5'"_�*U�5 p

p(x) :=

n∑

i=0

f(xi)Li(x). b ®8�F` c

�1`



>X$&��AD�&2�<�5X!_�
p ∈ Pn

68��,�HD"_�(,F����Z%��28H
p(xk) =

∑n
i=0 f(xi)Li(xk) = f(xk)

H
k = 0, 1, . . . , n

HD�(�14�!#"X!%�
p
"-= 2���,(!%�Lo*P�!_����/�"32����1����:�<�2�:�/1�0�   0;IZ_ KP b ®8�F` c �&2���ADZ%$&"3!%��,�^�5 Ðì¼ÇÌÞÆ0�ÇÄ Lagrange

¾TÌ�º�×2ÌÔÓ.º Ö ³8Ò�¼ÇÌ�º×2´TÆ Í ¼ â ÌÔÓ}Ä?¶ �~?,9�d!SP�/1��2���+�,7684�!SP�!%��!%�(:g�(����:�^�2���/���:g�1��$&"%/&Y(����U�5�H���5f:��1�1CDZ% K�(:�/1"l4�!*,O:��()�$*;I"-,O6���,�Z32��g)������
�1����:�<�2�:�/��

q ∈ Pn
HQ!*Z3!%�8, �h<� �!*"

q(xi) = f(xi)
H
i = 0, 1, . . . , n

�|Wj2
r(x) := p(x) − q(x)

HQ!#4�!#"'!%�
r ∈ Pn

68��,
r(xi) = p(xi) − q(xi) = f(xi) − f(xi) = 0

HI.D,F��68)&CD"
i = 0, 1, . . . , n

��V WX$&�m!_�
r
"%= 2���,IZ32��

�1����:�<�2�:�/��GY(�&CB/��(�
n
68��,KZ%;I"-,

n + 1
+�,F��68$&, !#Z%5�$�=9o&"%5�HI�1�14�!#"j!%�

r ≡ 0
HK68��,K 0:&2�"_��<�5@!%�

p ≡ q
�

��L��û���³��ñþJ�áûOÒ���� ¾ �X 0:�/&Y(4��1=9o&��:�/�"O/�"
pn

(
f ; {x0, x1, . . . , xn};x

) !SP�2N!*,9/�U	 �V#Z32��
x ∈ R

!%�(:@�(����:�^�2��*[
/���:EY(�&CB/��(�z!%�h�1�����

n
HQ�1�(:l�1��$&"%/&Y()�����"_!_��,? �!&, 5�!&,F/�Z%5G!SP�5

f
 �!%�

n + 1
 IP�/�"-=v�

x0, x1, . . . , xn
�mWj2

"-= 2���,I K��ABZ%5@�1��,9)G"-= 2���,I!%�E IP�/�"-=v��!SP�5@�1��$&"%/&Y(����U�5�HI!#4�!#"NCD�m.0$&)�AB�(:�/�"
pn(f ;x)

�
MO��68�����8HO���14�!_��2��($�,  K/�4d!%��:8HeY1��Z_�1��:�/�"L4�!&,�!_���1����:�<�2�:�/��d�1��$&"%/&Y(����U�5

pn(f ; ·) ,768�&2��(�1�8,F"-=�!*, 5��6�4�����:&CD"%5�,F+�,F4�!#P�!#"%5
pn(f + g; ·) = pn(f ; ·) + pn(g; ·),

pn(α f ; ·) = α pn(f ; ·), ∀α ∈ R, b ®8�Fk c
pn(q; ·) = q, ∀q ∈ Pn.

��!SPs K:&2�Z%;I"%,9�]CD�]+*<� K��:�/�"'Z32��&2]�&2�����:�!*,7684s!#���1�f.D,F�l!%�f KAB)���/��l!SP�5m�1��$*"%/&Y(����U�5�4�!%�&2LP
f
"-= 2���,

/1,F�L�(/�����UE 0:&2�)�$*!SP� IP
ÅNÆ�Ç.¤ ¡ ©�¢d�.¯¬®Fx ° ²f»Ë¾ Ö n ∈ N ä f ∈ Cn+1[a, b] ä x0, x1, . . . , xn ∈ [a, b]

·2¸4´��ÕÌÞÆ Í ¾µ¸ÁÀ@Û�´8³8Û'·8Ò®Ì�»½ÐÃ¼ Í¿Î ´À@´®¸
pn(f ; ·) ¾gÌ�×2ÌÔÓ.º®ÊÑ³Iº)¼ÇÌ�×2Ìµº�×2´TÆ Í ¼ â Û�Ó®Ó Í ¾g´®¸½»Ë¾)ÐÃ³ f

»Ë¾T´�»½ÐÃ¼ Í¿Î ´ x0, x1, . . . , xn
ÙX� Â)¾ Í ¸ »)ÉfÒ®Ì�ºÈ³

∀x ∈ [a, b] ∃ ξ = ξ(x) ∈ (a, b) : f(x) − pn(f ;x) =
f (n+1)(ξ)

(n + 1)!

n∏

i=0

(x − xi),
b ®8� � cÀ@´®¸

‖f − pn(f ; ·)‖∞ 5 max
a5x5b

∣∣∣∣∣

n∏

i=0

(x − xi)

∣∣∣∣∣
‖f (n+1)‖∞
(n + 1)!

b ®8�F® c
ò ×2Â8· Í ¸¹èIÐ Ù�nG"-= !#"X!SP�2G���14�+*"-,F�*P�!_��: ¾ "_^�$1���K�F`G �!_�EY�, Y1�1= �]!_^�2�~O�IWN68$&=7Y1P�6���,_�@�8nG��:&.0����UIH�¸7`*º»� �ô$õ�öÇõNý0�ãöB�?�O�O� ��!#PL+&,9��!#����^� IPL!_��: ¾ "_^�$#U�/���!%��5	®8�¯ó��F`G�&2���ABZ%$*"_!%��,I4�!*,0!%�

ξ
"-= 2���,868)��1��, �l IP�/�"-= �l �!%�

+&,9)� �!SP�/1�
[a, b]

H?;8^�$�= 5m4�/�^�5m2��l.I2&^�$�=vo*��:�/�"	�(��,94{"-= 2���,��  ���1��= !SP� IP
f ∈ Cn+1[a, b]

68��,QPf��+&:&2���/1=9�
.I2&<� KP�5�!_��:

ξ
"-= 2���,1+*���m��4&.0�8,�.D,9�	!%�(:�5N�1�1�8= ��:�5���,1!#���1�8, b ®8� � c 6���, b ®8�F® c Z%;I��:&2X�("_$�, �($�,  K/�Z32�P'�1$&��6(!&,76�U IP�/��� 0=v�8�

ô$õ�öÇõã÷½ø½ù4úfûüõãý0õO�
ó c ~�$&��/�/1,F6(Um�1��$&"%/&Y(����U b n = 1 c ��V MO �!_^ p1(f ; ·) !_�m.0$&��/�/1,F6�4m�1����:�<�2�:�/����1��:	�(��$*"%/&Y()�����"_!%��,( �!*, 5!*,9/�Z%5

f(a)
68��,

f(b)
/1,F��5	 0:&2�)�$*!SP� IP�5

f ∈ C2[a, b]
����4�!#"N���(4L!*, 5 b ®8� � c 6���, b ®8�F® c CD�GZ%;I�(:�/�"

f(x) − p1(f ;x) = (x − a)(x − b)
f ′′(ξ)

2
, a < ξ < b

�1k



68��,
‖f − p1(f ; ·)‖∞ 5 max

a5x5b

∣∣(x − a)(x − b)
∣∣ ‖f

′′‖∞
2

,

�(�14�!#"@"_�1"-,F+*U
maxa5x5b

∣∣(x − a)(x − b)
∣∣ = (b−a)2

4

H

‖f − p1(f ; ·)‖∞ 5
(b − a)2

8
‖f ′′‖∞.

` c ��"_!#$&�&.K^�2�,F6(UG�(��$*"%/&Y(����U b n = 2 c /1"	,  0���1Z%;I��2&!%�E IP�/1"%=v� xi = a + ih
H
i = 0, 1, 2

H
h = b−a

2

�OWj2
f ∈ C3[a, b]

HDZ_;I��:�/�"j.D,F�
x ∈ [a, b]

f(x) − p2(f ;x) = (x − x0)(x − x1)(x − x2)
f ′′′(ξ)

6
, , a < ξ < b

68��,�HI�1��$&4�/���,9�G/�"X!_�l>@��$*)�+&"-, .0/���ó�H
‖f − p2(f ; ·)‖∞ 5

(b − a)3

96
‖f ′′′‖∞.

k c V MO �!3^ f ∈ Cn+1[a, b]
6���,

xi = a + ih
H
i = 0, 1, . . . , n

HR4(�1�(:
h = b−a

n

HB!_�
n + 1

 IP�/1"%=v�l"\2�4�5
��/��8,F4�/��($&AB�(:m+&,9��/�"%$&,  K/1�(��!%�(:G+�,F�� �!SU�/���!%�(5

[a, b]
����4�!#"N/��1�($&"-=868�&2�"-= 5N2���+&"-=9�&"-, b }?���e�?�O� c 4�!&,

max
a5x5b

∣∣∣∣∣

n∏

i=0

(x − xi)

∣∣∣∣∣ 5
n!

4
hn+1,

�(�14�!#"
‖f − pn(f ; ·)‖∞ 5

hn+1

4(n + 1)
‖f (n+1)‖∞.

WX�14z!SP�2L"_6�!*=9/�P� IP]��:�!SUz K:�/��("_$&��= 2���:�/�"�4�!*,D.D,9�L�(������Z_5| K:&2���$#!SU� 0"%, 5m!%�s KAD)���/1�L!SP�5'�1����:�^�2�:*[
/1,F6(U�5@�(��$*"%/&Y(����U�5� K"�,  K���1Z%;I��2�!%�E IP�/�"-=v��!#"-= 2�"-,I�(/1��,94(/���$&AD�|�1$&�(5@!%�]/�P�+*Z328H�68�&C0<�5@!%�

n → ∞ �
°g,F�j!#Z_!_�8,F�N6���!#P�.0�($�=9��"-= 2���,* K:&2���$#!#U� K"-, 5O�1��:jZ%;I�(:&2��1��$&�&.K<�.0�(:�5��1�(��,9�� K+#U��(��!#"�!#)��*P�5O �!_�

[a, b]
H

.D,9�G!*, 5	�(�1��=v"%5@:��1)�$*;I"-,
M > 0

HK!#Z_!%��, ��5�<� �!*" ‖f (n)‖∞ 5 Mn H n = 1, 2, . . . b }��O���?��� c �
¾ �E:��1Z3CD"_!#"@���8,7�(4�2m68�&2�"%= 5@4�!&,0 �!SP�2m�("_$�=9��!3^� KPL�(/1��,94(/���$&AD��:�+&,9��/�"%$&,  K/����8HK68��,K68�&C0<�5@!%�l����U�CD��5

!3^�2f IP�/1"%=9^�2z�1��$*"%/&Y(����U�5E!#"-= 2�"-,Q�1$&�(5�!%��)��1"-,F$&�0H�P{��6�������:&CB=v�z!3^�2s�1����:�^�2���/�^�2s/1,F��5]�1�(��,9�� K+#U��(��!#"
 K:&2�"_;I����5m K:&2�)�$*!SP� IP�5

f
 K:&.K6��1= 2�"-,R��/���,94(/1�($&AD�E�1$*��5|!SP�2

f
�NV q@/�^�5����1��+*"-= ;�C0P�68"	4�!*,R��:�!*4f+*"32L"-= 2���,

 I^� �!*40�
ô$õ�öÇõã÷½ø½ù4úfûüõãý0õO�
ó c qÔ�1$*<e!%�(5��(�(:GZ%+*^� K"NZ32��G��$S2�P�!*,F6�4L�1��$*)�+&"-, .0/���U�!_�&2G� Runge

HI!_��óS¿�¹.ó�H0/�"X!SPE 0:&2�)�$*!SP� IP
f(x) :=

1

1 + x2
, −5 5 x 5 5.

���



  0:&2�)�$*!SP� IPm��:�!SUG"%= 2���,1)��1"-,9$*"%5XAD��$*Z%5��(��$*�&.K^�.D=  0,9/�PG �!%�f¸ [i®8HF®*º»��MOAB��$*/�4�o&��2&!%��5��(��$*"%/&Y(����U�/�",  K���1Z%;I��2�!%�L IP�/�"-=v�
xi = −5 + i 10

n

H
i = 0, 1, . . . , n

HK�
Runge

68��!#)�AB"%$*"j2���+&"-=9�&"-,I4�!*,

lim
n→∞

|f(x) − pn(f ;x)| =





0,
�&2 |x| < 3.633 . . .

∞,
�&2 |x| > 3.633 . . . .
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f(x)=1/(1+ x2)
p

20
(x)

��;8U�/��E®8�F` p�`�acbedcf	ghdeieajlkemonpi�qra�beset p20 u�vxw kzyo{}|xdhg�~cmoy"{c|�{zypard Runge �(�;ila w�� ilarm"�xart�� w kciln�m w |�i � tc�
��!%�s��;8U�/��L®8�F`|Y1��Z_�1��:�/�"@!SPG.0$&��AR,76�Um�(��$*)� �!_�� IP]!SP�5	 K:&2�)�$*!SP� IP�5�!%�(:

Runge
HI6��&CD<�5�6���,K!_��:

�1����:�^�2���/���:��1��$&"_/�Y(����U�5
pn(f ; ·) .D,F��!%��2G�(/��8,F4�/���$*AB�E+�,F��/�"%$�,  K/�4l!_��:s¸ [i®8HF®*º�/�" n = 20

�
` c V Me2��z+*"%��!#"%$&�s��$S2�P�!*,F6�4z�1��$&)�+&"%, .0/��z+&4�CDP�6�"|���14s!%��2 Bernstein

.D,9�l!SPs K:&2�)�$*!SP� IP
f(x) = |x| H

−1 5 x 5 1
�?WN2j"%AD��$&/�4� K��:�/�"e�1��$&"%/&Y(����U�/�"�,  K���1Z%;I��2�!%�� IP�/�"-=9�

xi = −1+i 2
n

H
i = 0, 1, . . . , n

H
/��(�($&�(��/1"m2��h+*"-=v�*��:�/�"m4�!*,

limn→∞ |f(x) − pn(f ;x)| = ∞ .D,F�{6�)&CD"
x ∈ [−1, 1]

H�"_6(!#4�5E���14
x = −1, 0

6���,�ó��
¾ �L/��1�($&���� K"@����,F�14�2G68�&2�"-= 5X2��E:��1�1CDZ% K"-,D4�!*,D!_�l�1$&4�Y1��P�/1��Y($�=  I6�"_!%��,B �!SP�2E"_�(,7���&.KU]!3^�2L KP�/�"-=F^�2

�1��$&"_/�Y(����U�5j68��,8"-,F+�,7684�!#"%$*�m �!#P�2'"3��,7���&.KUG�(/1��,94(/���$&A0^�2	+�,F��/�"%$�,  0/�<�2��O�	��, !S<�2�!_��5�H8.D,9�'�(��$*)�+&"-, .0/1�8H�!#P
 K;IZ% IP b ®8�F® c AB��= 2�"_!%��,I���&.D,7684L2����1$&�� I�1�&C0U� K��:�/�"X2��G"_�(,7��Z%�&�(:�/�"X!%�E IP�/�"-=v�G�1��$&"%/&Y(����U�5�Z_!# 0,D<� �!#"N2��"_����;K,  �!_�(�1�8, �(�&2l!SP�2E�1�� K4�!SP�!%�

max
a5x5b

∣∣
n∏

i=0

(x − xi)
∣∣ �X>X��$&��!SP�$*U� �!#"'4(/�^�5|4�!*,B!%� n∏

i=0

(x − xi)
"-= 2���,BZ32��

�1����:�<�2�:�/���Y(�&CB/��(�
n+1

/�"� K:&2�!#"_��"% �!SU�/�"3.D,  �!%��Y()&CD/1, �(:m4�$*��:�ó���WX�14	!%�|>X4�$&,  K/1�@�K�Fk8�¯ó�.I2&^�$�=vo*��:�/�"
4�!*,(!%���1����:�<�2�:�/1�	Y(�&CB/��(�

n+1
/�"� 0:&2&!#"_��"% �!#U|/�"3.D,  �!%��Y()&CB/1, �(:m4($&��:	/���2�)�+*�@�(�(:|Z_;I"-,1!SP�2'"_��)�;K,  �!SP

‖·‖∞
2�4($&/��X �!%��2

C[a, b]
"-= 2���,&!%�

p(x) = (b−a)n+1

2n 2n+1 Tn+1

(
2x−b−a

b−a

) H�41�(�(:X!%�
Tn+1

"-= 2���,&!%�'�1����:�<�2�:�/��
Chebyshev

Y(�&CB/��(�
n+1

��M��1��/�Z32�^�5�CD�'"_����;K,  �!%�(�1��,FU� K��:�/�"�!%�'.D, 2�4�/�"32�� |∏(x−xi)|
�&2	"_�(,F��Z_�&��:�/�"

^�5s IP�/�"-=v���1��$*"%/&Y(����U�5f!*, 5f$&=vo&"_5]!%�(:g�(����:�^�2���/���:
Chebyshev

Y(�&CB/��(�
n + 1

 �!_�t+&,9)� �!SP�/1�
[a, b]

�
�1®



°h�(�($&�(��/1"�2���"3��Z3.0�&�(:�/1"N4�!&,K!%�G IP�/�"-=v�G��:�!#)E+�= 2���2�!_��,I���(4L!%��2|!*���1�
xi =

a + b

2
+

b − a

2
cos

(
2i + 1

2(n + 1)
π

)
, i = 0, 1, . . . , n. b ®8�F² c

��!_�	��;8U�/1�j®8�Fkj+�= 2�"_!%��,SPj.0$*��AR,76�U��1��$&)� �!%�� IPN!#P�5O K:&2�)�$#!#P� IP�5�!%�(:
Runge

H&6��&C0<�5�6���,*!%�(:j�1����:�^�2���/1�(:
�1��$&"_/�Y(����U�5

pn(f ; ·)  �!%�G IP�/�"-=v��!_��: Chebyshev
.D,9�

n = 20
�
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f(x)=1/(1+ x2)
p

20
(x)

��;8U�/1�G®8�Fk p�`�a�bld�f	g�dcila�jrkcm"n�icqlacbesct p20 u.vxw kVy"{�|�d�g�~cmoyo{e|�{Vypard Runge |�ypk�|�{eienp��k�ypard Chebyshev �
¾ �l�1$&�( I�(�&C0U� K��:�/�"| �!SPs K:&2�Z_;I"-,9�L2��z+#<� 0�(:�/�"|/�"%$&,F6�)l��684(/��z �!_�8, ;I"%=v�z K;I"_!*,768)z/�"|!SPs K�&.K6(�1,  IP

!3^�2l�1����:�^�2���/�^�2]�1��$&"%/&Y(����U�5��@V MO �!3^�H�����,F�14�28H
f ∈ C[a, b]

6���,
xi
H
i = 0, 1, . . . , n

H�+&,9��AD��$&"3!&,768)L�&2�)
+*���h IP�/�"-=v�z!_��:

[a, b]
�G°�"m!SPlY(�(U�CD"-,F�z!%��:s!#���1��: b ®8�F` c /��1��$*����/�"'2��s:��(�����&.D=  K�(:�/1"|!#P�2 ‖ · ‖∞

!%��:
�1����:�^�2���/��(:��(��$*"%/&Y(����U�5

pn(f ; ·) � ¾ �GZ%;I��:�/�"
‖pn(f ; ·)‖∞ = max

a5x5b

∣∣
n∑

i=0

f(xi)Li(x)
∣∣ 5 max

a5x5b

n∑

i=0

|f(xi)| |Li(x)|

5 max
a5x5b

|f(x)| max
a5x5b

n∑

i=0

|Li(x)|.

  0:&2�)�$*!SP� IP
λn(x) :=

n∑

i=0

|Li(x)| b ®8� · c
��Z3.0"3!%��, »½ºÈ³8ÛTÆË¾2ÐÃ»½Ð ¾TÌµº

Lebesgue
.D,F�G!SP�2��1��$&"%/&Y(����U

Lagrange
HK6���,KPE/�Z3.D,  �!SP]!*,F/�UL!SP�5

Λn := ‖λn‖∞ = max
a5x5b

λn(x), b ®8�F½ c
��Z3.0"3!%��, »Ë¾g´®Ü Í ÆÕÛ�¾gÌ�º Lebesgue

�
V W@$*��+&"%=v�&��/�"N4�!*,K�&2

f ∈ C[a, b]
HK!#4�!*"

‖pn(f ; ·)‖∞ 5 Λn ‖f‖∞. b ®8�F¿ c
�1²



°�"@!#PEY(�(U�CD"-,F�L!SP�5 b ®8�F¿ c 6���,D!_^�2l,F+�, ��!SU�!_^�2 b ®8�Fk c /��(�($&�(��/1"X2��GY($*����/�"�/1,9�]"_6�!*=9/�P� IPE.D,9�E!%�s KAD)���/1�!SP�5��1��$&"_/�Y(����U�5���V MO �!3^
p∗n
PNY(Z_��!*,  �!#P@��/��8,F4�/���$*ADPj�1$&�� KZ3.I.D,  KPX!#P�5

f
���14�!%��2

Pn
H�6���,

En

(
f ; [a, b]

)
=

minp∈Pn
‖f − p‖∞ = ‖f − p∗n‖∞

!%�z KAB)���/���!SP�5NY(Z_��!*,  �!SP�5|�(/1��,94(/���$&A0P�5N�1$&�( KZ3.I.D,  IP�5�����4�!#"
‖f − pn(f ; ·)‖∞ = ‖f − p∗n + p∗n − pn(f ; ·)‖∞ = ‖f − p∗n + pn(p∗n; ·) − pn(f ; ·)‖∞

5 ‖f − p∗n‖∞ + ‖pn(p∗n − f ; ·)‖∞ 5 ‖f − p∗n‖∞ + Λn‖f − p∗n‖∞.

��:&2�"_��<�5
‖f − pn(f ; ·)‖∞ 5

(
1 + Λn

)
‖f − p∗n‖∞ =

(
1 + Λn

)
En

(
f ; [a, b]

)
. b ®8�¯óS¹ c

b n�P�����+#Um!%�G KAD)���/1�'!SP�5N�1����:�^�2�:�/1,76�U�5N�1��$*"%/&Y(����U�5X"-= 2���,�;I"-,F$&4�!#"%$*�����14G"_68"-= 2��'!#P�5�Y(Z_��!*,  �!#P�5X��/��8,F4�[/���$*ADP�5X�1$*�� KZ3.I.D,  IP�5�!%�L�(�����G6���!*)GZ\2��m�1��$&)&.0��2&!%� (
1 + Λn

) � c©�4&.K^�!_��:�>X��$�=  K/���!%�(5X�K�¯ó��¯ó b !%�(: ¾ "3^�$(��!_��: Jackson c Y1��Z_�1��:�/�"@4�!*,
‖f − pn(f ; ·)‖∞ 5 6

(
1 + Λn

)
ω

(
b − a

2n

)
,

�1�(4�!#"�+*"%+&�(/1Z\2�P�5�/1,F��5
f ∈ C[a, b]

P	��68������:&CB=9�@!_^�2@�1����:�^�2���/�^�2X�1��$&"%/&Y(����U�5�CD�	 0:&.K6(�1= 2�"-,���/��8,F4�/���$-[
AD�]�1$&�(5'!SP�2

f
�&2

Λn ω
(

b−a
2n

)
→ 0

HR68�&C0<�5
n → ∞ �NV WX$&�GCD�l�1$&Z_�1"-,D2��l"_��Z3.0�*��:�/�"�!SPz K:�/��("_$�,FAB��$*)

!SP�5m �!%�&CD"%$*)�5
Λn
�jnG:� �!#:�;8<�5|!%�

Λn
+&"32G"-= 2���,D��/���,94(/1�($&AD�LAD$&�&.0/�Z32��D����!SP�2L�1"%$�=F�1!3^� IP]�K�F;R�X,  K���(Z [

;I��2�!3^�2' IP�/1"%=9^�2	�1��$&"%/&Y(����U�5N/��1�($&"-=12��|���1�(+&"-, ;�CD"-=I4�!*,�Pm �!%�&CD"%$*)|!_��:
Lebesgue

��:��*)&2�"_!_��,8"_6(CD"_!*,768)8H
��:&.K6�"_68$&,9/�Z32��G,  K;I��"-,0PE��6�4�����:&C0PE�� K:�/��1!3^e!*,F6(Ul"_6(!*=v/�P� IP

Λn ∼ 2n+1

en log n
, n → ∞.

WN�(4g!SP�2�)�����P�/�"%$�,F)��&2h;I$*P� 0,F/��(�1�8, P�CD���&2h^�5z IP�/�"-=v�{�1��$&"%/&Y(����U�5l!_�� IP�/1"%=v��!_��:
Chebyshev

He!*4�!#"
,  K;I��"-,0PE��68������:&C0PG"36�!*=v/�P� IP

2

π
log(n + 1) + α < Λn <

2

π
log(n + 1) + 4,

.D,F�E6�)��1�8,F�G �!_�&CB"_$&)
α,

+#P�����+*UzPs�����#P� IPf"-= 2���,B���&.0��$�, CD/1,F6(UI� b ~�,F�z!SP�2z���14(+&"-,F�*Ps/��1��$*"-=R68�&2�"-= 5|2��l�&2���!#$&Z%�*"-,R �!%�fY�, Y1�1= �f!%��:
Rivlin

H�¸7¿*º»� c ��!%��2l��684����(:&CB�s�(= 2���68�]/��1�($&"-=R68�&2�"-= 5'2��z+&"%,Q!SP�2l�����*P� IPz!SP�5G �!%�&CD"%$&)�5|!%��: Lebesgue

Λn
H�Y1�I� b ®8�F½ c H�.D,9�{!#P�2{�1��$&"_/�Y(����U Lagrange

 �!%��2
Pn

68�&C0<�5L!%�
n
��:��&)&2�"%,JH�.D,F��Z\2��&2{��/���,94(/1�($&AD�

+&,9��/�"%$&,  K/14]68��,8.D,9�GZ32��&2�+&,9��/�"%$&,  K/�4z/�"X!%�E IP�/�"-=v��!_��:
Chebyshev

�
n Λn T q@/��8,F4�/���$*AB�(5 Λn T Chebyshev` ó��F`�® ó��F² ·
� `8�F`.ó ó��F¿�¿
½ ó®ó��F¹ `8�Fk�²óS` ½�¿8�Fk `8�F²�¹óS² ¿�k�® `8� ·�·
`�¹ ó®óS¹�¹�¹ `8�F¿�¹

� ·



°��1�($&"-=�2��h���1��+&"%, ;�CD"-=O4�!*,��&2�"%�*)�$*!SP�!%�{!#P�5s"3��,7���&.KU�5z!_^�2� IP�/�"-=9^�2h�1��$&"%/&Y(����U�5
xi = x

(n)
i

H
i =

0, 1, . . . , n
H1,  K;I��"-,��1)&2&!%�X4�!*,

Λn > O(log n)
H�6��&C0<�5

n → ∞ ��M��(,7�1��Z_��2�H1,  K;I��"-,�!%�	��684����(:&CB�	��$S2�P�!*,F6�4
���1��!#Z_��"% K/��E�1�(:����1��+&"%= ;�CDP�6�"X���14]!_��2

Faber
!_�!óS¿.ó%�K�

ÅNÆ�Ç.¤ ¡ ©�¢d�.¯¬®F� Ú ¸4´¢À@Û®Ü Í × Î ³¿´IÀÃ´�»½ÐÃ¼ Í�Î4Ö ³o×2´TÆ Í ¼ â ÌÔÓ}Ä?¶ x
(n)
i ∈ [−1, 1] ä i = 0, 1, . . . , n ä º?×2ÛTÆ�É Í ¸»½ºÈ³8ÛTÆ½¾)ÐÃ»½Ð

f ∈ C[−1, 1] ä ¾¿Ï�¾gÌ8¸¹´�Ê
»Ë¾ Í ´8³ pn(f ; ·) Í¿Î ³µ´®¸ñ¾TÌ!×2ÌÔÓ.º®ÊÑ³Iº)¼ÇÌ�×2Ì�º�×2´TÆ Í ¼ â Û�Ó®Ó Í ¾T´®¸ñ»Ë¾)ÐÃ³ f»Ë¾T´�»½ÐÃ¼ Í�Î ´ x
(n)
0 , x

(n)
1 , . . . , x

(n)
n ä ¾¿Â)¾ Í ¸ »)É6Ò Í ¸

lim sup
n→∞

‖f − pn(f ; ·)‖∞ = ∞.

��!_��2��&2�!*=9�1�(+&�m!_��: ¾ "_^�$#U�/1��!_��5	®8�¯ó��Fk|Y($�=  I6�"_!%��,KZ32��mCD"_!*,7684]���(��!#Z_��"% K/��m.0"32�,F6�����;I��$*��6�!SU�$&�8�
ÅNÆ�Ç.¤ ¡ ©�¢d�.¯¬® � ò ³

f ∈ C[a, b] ä ¾¿Â)¾ Í ºÃ×2ÛTÆ�É Í ¸ÈÏ)³¿´I¶
× Î ³µ´IÀ@´I¶ñ»}ÐÃ¼ Í¿Î4Ö ³f×2´TÆ Í ¼ â ÌÔÓ}Ä?¶ x(n)
i ä i = 0, 1, . . . , n ä¾¿Ï�¾gÌ8¸ Ì8¶aÊ
»Ë¾ Í Ð�´IÀÃÌÔÓÕÌ�º®Ü Î ´�¾ Ö ³�×2ÌÔÓ.º Ö ³8Ò�¼ Ö ³�×2´TÆ Í ¼ â ÌÔÓ}Ä?¶ pn(f ; ·) ³¿´Q»½º8ÅCÀ�Ó Î ³ Í ¸½Ì¿¼ÇÌ2¸4Â¿¼ÇÌåÆD�Õ´Q»Ë¾2Ð@³ f

Ù
ò ×2Â8· Í ¸¹èIÐ Ù?M�= 2���,(�1$&��AD�&2�Z%5�4�!*,8�&2 (p∗n)

"-= 2���,(P|��68�����(:&CB=v��!_^�2'�1����:�^�2���/�^�2	!_^�2�Y(Z_��!*,  �!_^�2m��/���,94(/1�($S[
A0^�2N�1$*�� K"3.I.D=  K"_^�28H&!*4�!#"���4&.K^�!%��: ¾ "_^�$*U�/���!%�(5�!%�(:
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