
EM292: Arijmhtikh Epilush Merikwn Diaforikwn Exiswsewn Akad. èto 2010�2011Tet�rth 15 Dekembr�ou 2010Ask sei1. 'Estw mia sun�rthsh f ∈ C4[a, b], èna shme�o x ∈ (a, b) kai b ma h > 0, tètoio ¸ste x±3h ∈ [a, b].Jewr ste ta phl�ka diafor¸n
δh,rf(x) =

2f(x) − 5f(x + h) + 4f(x + 2h) − f(x + 3h)

h2
,kai

δh,lf(x) =
2f(x) − 5f(x − h) + 4f(x − 2h) − f(x − 3h)

h2
.Apode�xte ìti e�nai prosegg�sei th f ′′(x) kai ìti isqÔoun oi akìlouje ektim sei:

|δh,rf(x) − f ′′(x)| ≤
11

12
h2 max

x∈[a,b]
|f (4)(x)|,kai

|δh,lf(x) − f ′′(x)| ≤
11

12
h2 max

x∈[a,b]
|f (4)(x)|.2. Apode�xte ìti to phl�ko diafor¸n

−f(x + 2h) + 8f(x + h) − 8f(x − h) + f(x − 2h)

12h
,e�nai mia prosèggish th f ′(x) t�xew O(h4), kai ìti to phl�ko diafor¸n

−f(x + 2h) + 16f(x + h) − 30f(x) + 16f(x − h) − f(x − 2h)

12h
,e�nai mia prosèggish th f ′′(x) t�xew O(h3).3. Apode�xte ìti ta akìlouja phl�ka diafor¸n einai prosegg�sei th f ′′′(x).

f(x + 3h) − 3f(x + 2h) + 3f(x + h) − f(x)

h3
,kai

f(x + 2h) − 2f(x + h) + 2f(x − h) − f(x − 2h)

2h3
.Poi� prosèggish e�nai akribèsterh? Aitiolog ste thn ap�nths  sa.4. D�netai to prìblhma dÔo shme�wn

−u′′(x) + q(x)u(x) = f(x), 0 ≤ x ≤ 1,

u′(0) = u(0), u(1) = 0,



ìpou f , q suneqe� sunart sei sto [0,1℄ me q(x) ≥ q0 > 0, x ∈ [0, 1]. 'Estw Uj oi prosegg�seitwn u(xj) sta shme�a xj = jh, j = 0, 1, . . . , N + 1, ìpou (N + 1)h = 1, pou d�nei h mèjodopeperasmènwn diafor¸n
−

1

h2

(

Uj−1 − 2Uj + Uj+1

)

+ q(xj)Uj = f(xj), 1 ≤ j ≤ N,

1

h

(

U1 − U0

)

− U0 =
1

2
h

(

q(x0)U0 − f(x0)
)

,ìpou UN+1 = 0. Prosdior�ste ton (N + 1) × (N + 1) p�naka twn suntelest¸n A kai to deÔteromèlo b ∈ R
N+1 tou sust mato AU = b, U = (U0, U1, . . . , UN )T aut  th mejìdou, kai apode�xteìti o A antistrèfetai. Dikaiolog ste th morf  th ex�swsh gia ton �gnwsto U0.5. Jewr ste to prìblhma







−u′′(x) + u′(x) + q(x)u(x) = f(x), x ∈ [a, b]

u(a) = A, u(b) = B.Diatup¸ste mia mèjodo peperasmènwn diafor¸n gia ènan omoiìmorfo diamerismì tou [a, b], xi =

a + ih, h = (b − a)/(N + 1), i = 0, 1, . . . , N + 1. Gr�yte th mèjodì sa se morf  sust mato
AU = F , (ìpou Ui e�nai h prosèggish th u(xi)) kai prosdior�ste ton p�naka twn suntelest¸n
A kai to deÔtero mèlo F tou sust mato. Upolog�ste ti prosegg�sei gia to prìblhma me
[a, b] = [0, 3], q(x) = 2, f(x) = x2 + x− 1, sun. sunj. u(0) = 0, u(3) = 9/2, kai b ma diamerismoÔ
h = 1.6. Jewr ste to prìblhma arqik¸n/sunoriak¸n tim¸n gia thn ex�swsh th jermìthta:



















ut(t, x) = uxx(t, x), ∀t ∈ [0, Tf ], x ∈ [a, b],

u(0, x) = u0(x), ∀x ∈ [a, b],

u(t, a) = u(t, b), ∀t ∈ [0, Tf ],

(1)kai thn peplegmènh mèjodo tou Euler gia thn arijmhtik  ep�lush tou probl mato gia omoiìmorfodiamerismì tìso tou [0, Tf ] se Nt upodiast mata m kou τ = Tf/Nt to kajèna, ìso kai tou [a, b]se Nx + 1 upodiast mata m kou h = (b − a)/(Nx + 1) to kajèna. Apode�xte ìti gia to sf�lmasunèpeia th mejìdou:
T n

i =
u(tn, xi) − u(tn−1, xi)

τ
−

u(tn, xi+1) − 2u(tn, xi) + u(tn, xi−1)

h2
,isqÔei

|T n
i | ≤

τ

2
‖utt‖∞ +

h2

12
‖uxxxx‖∞, ∀n = 0, 1, . . . , Nt, i = 1, 2, . . . , Nx.7. Jewr ste th mèjodo peperasmènwn diafor¸n Crank-Nicolson gia to prìblhma (1) sta �dia shme�ame aut� th prohgoÔmenh �skhsh. To sf�lma sunèpeia th mejìdou or�zetai w:

T
n+ 1

2

i =
u(tn, xi) − u(tn−1, xi)

τ
−

1

2

u(tn+1, xi+1) − 2u(tn+1, xi) + u(tn+1, xi−1)

h2

−
1

2

u(tn, xi+1) − 2u(tn, xi) + u(tn, xi−1)

h2
.2



Apode�xte ìti isqÔei
|T

n+ 1

2

i | ≤
τ2

12
‖uttt‖∞ +

h2

12
‖uxxxx‖∞, ∀n = 0, 1, . . . , Nt, i = 1, 2, . . . , Nx.8. Diatup¸ste mia mèjodo peperasmènwn diafor¸n gia to akìloujo prìblhma



















ut(t, x) = uxx(t, x), ∀t ∈ [0, Tf ], x ∈ [0, 1],

u(0, x) = 1, ∀x ∈ [0, 1],
∂u
∂x

(t, 0) = u(t, 0) kai ∂u
∂x

(t, 1) = −u(t, 1) ∀t ∈ [0, Tf ],qrhsimopoi¸nta thn �mesh mèjodo tou Euler gia thn ex�swsh kai kentrik  diafor� gia thn pro-sèggish th parag¸gou sti sunoriakè sunj ke.9. Apant ste sto prohgoÔmeno er¸thma all� aut  th for� qrhsimopoi ste pro ta emprì diafor�gia thn prosèggish th parag¸gou gia th sunoriak  sunj kh sto x = 0 kai pro ta p�sw diafor�gia thn prosèggish th parag¸gou gia th sunoriak  sunj kh sto x = 1.10. Jewr ste thn ex�swsh ut = xuxx, 0 < x < 1/2, 0 < t < Tf , me sunoriakè sunj ke u(t, 0) = 0kai ux(t, 1/2) = −1
2u(t, 1/2), t ∈ [0, Tf ], kai arqik  sunj kh u(0, x) = x(1 − x), 0 ≤ x ≤ 1/2.'Estw xi, i = 0, 1, . . . , Nx+1 omoiìmorfo diamerismì tou [0, 1/2] me b ma h = 1

2(Nx+1) , kai tn, n =

0, 1, . . . , Nt omoiìmorfo diamerismì tou [0, Tf ] me b ma τ =
Tf

Nt
. De�xte ìti an prosegg�soume ìleti parag¸gou w pro x, me kentrikè diaforè, tìte h aploÔsterh �mesh mèjodo peperasmènwndiafor¸n gia thn prosèggish th lÔsh u sto shme�o (tn, xi) mpore� na grafe� w

Un+1
i = iµhUn

i−1 + (1 − 2iµh)Un
i + iµhUn

i+1, i = 1, . . . , Nxkai
Un+1

Nx+1 = 2(Nx + 1)µhUn
Nx

+ [1 − 2(Nx + 1)µh − (Nx + 1)µh2]Un
Nx+1,gia n = 0, 1, . . . , Nt, ìpou µ := τ/h2.11. Apode�xte to L mma 6.2 (sel. 78) sti shmei¸sei tou k. GewrgoÔlh (sel. 81 sth neìterh èkdosh).12. Apode�xte to Je¸rhma 6.3 (sel. 78) sti shmei¸sei tou k. GewrgoÔlh (sel. 81 sth neìterhèkdosh).13. Jewr ste thn ex�swsh metafor� ut + aux = 0, me a > 0 stajerì, ìpou 0 < t < Tf kai

x ∈ R, me arqik  sunj kh u(0, x) = u0(x), x ∈ R. 'Estw xj = jh, j = 0,±1,±2, . . . omoiìmorfakatanemhmèna shme�a ston �xona twn x kai tn, n = 0, 1, . . . , Nt omoiìmorfo diamerismì tou [0, Tf ]me b ma τ =
Tf

Nt
.(aþ) De�xte ìti an prosegg�soume th qronik  par�gwgo me pro ta emprì diafor� kai th qwrik par�gwgo me kentrik  diafor� me b ma 2h, tìte h mèjodo peperasmènwn diafor¸n gia thnprosèggish th lÔsh u sto shme�o (tn, xj) e�nai

Un+1
j = Un

j −
aν

2
(Un

j+1 − Un
j−1),3



ìpou ν := τ
h
e�nai o arijmì Courant. Qrhsimopoi ste an�lush von Neumann gia na apode�-xete ìti h mèjodo aut  e�nai astaj . Poi� e�nai h sunj kh CFL gia to sq ma autì?(bþ) An antikatast soume sto parap�nw sq ma thn tim  Un

j me ton mèso ìro 1
2(Un

j−1 + Un
j+1),katal goume sto sq ma Lax-Friedrichs:

Un+1
j =

1

2
(Un

j−1 + Un
j+1) −

aν

2
(Un

j+1 − Un
j−1),Poi� e�nai h sunj kh CFL gia to sq ma autì? Melet ste thn eust�jeia th mejìdou.14. Jewr ste thn ex�swsh metafor� ut + 1

2ux = 0, 0 ≤ t ≤ 4, 0 ≤ x ≤ 4, me arqik  sunj kh
u(0, x) = u0(x) =







10x(2 − x), 0 < x < 2

0, alloÔ,kai sunoriak  sunj kh u(t, 0) = 0, 0 ≤ t ≤ 4.(aþ) Sqedi�ste stigmiìtupa th akriboÔ lÔsh gia ti qronikè stigmè t = 0, 2, 4.(bþ) Diatup¸ste th mèjodo upwind, gia ènan omoiìmorfo diamerismì me qronikì b ma τ kai qwrikìb ma h, gia to prìblhma autì kai upolog�ste prosegg�sei th lÔsh sta shme�a x = 1, 2, 3, 4ston telikì qrìno t = 4, pa�rnonta:
(i) h = 1 kai τ = 1.
(ii) h = 1 kai τ = 2.
(iii) h = 1 kai τ = 4.Poi� e�nai h sunj kh CFL gia to sq ma autì?15. LÔste ti ask sei 6.5, 6.12, (sel�de 274-275) tou bibl�ou: G. D. Akr�bh, B. A. Dougal ,Arijmhtikè Mèjodoi gia Sun jei Diaforikè Exis¸sei, Pan. Ekdìsei Kr th.16. LÔste ti ask sei 7.3, 7.4, 7.12 (sel�de 320-321) tou bibl�ou: G. D. Akr�bh, B. A. Dougal ,Arijmhtikè Mèjodoi gia Sun jei Diaforikè Exis¸sei, Pan. Ekdìsei Kr th.
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