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s /Et u`v 2xw
xi y i = 0, 1, . . . , n

-"z{+.|}4�~"�32�z *,��+$�$+�-"�.4�v��.���5��+�*,+�z
yi ∈ R y i = 0, 1, . . . , n

/��i4��74$���$���$�.��4
��+	~"�x�$�74$���.6

p ∈ Pn � ~"�.|}�325+�zHv�2�����4�~"|}��2547����x�.2xw��$+�w16

pn(x) = a0 + a1(x − x0) + a2(x − x0)(x − x1) + · · · + an(x − x0) . . . (x − xn−1),

4����.2��d4,z�v�����2"�3�	�xv�2�056
ai y i = 0, 1, . . . , n y �	��47~"47���m�$+��$�74$��4 � z v��}47�������	vH�5z�2547��+$*,�$��4��$�}47�r+.� � 47~�� �}��47�

ai = yi y i = 0, 1, . . . , n�Sz�+
k = 1, . . . , n�Sz�+

i = 0, . . . , k − 1

ak = (ak − ai)/(xk − xi)2"03��4�6
2"03�	476

(i�f4,zXvH�$�"2"�3���xv 2"0x6
ai y i = 0, . . . , n y ��� �$+	z � �"w1v�254,� y 2"�$2"�r�f2"z{�	� pn(z)

2547�b�74$���$w��$�.��47���7+.~"�x�.��4$���.6mv�254
vH�	�	�5� 4

z y �$�74$��4 � �{���x25+	z7���d254�vH H�.��+�2�4�� Horner
vH�.��|�w���+����d254��¡+$� � ��~�z �¢�	4

s = an�Sz�+
i = n − 1, . . . , 0

s = ai + (z − xi)s2"03�	476
pn(z) = s

£ �	4��747z{�.v 2"�03��+��.��4��7~�� � ~"+.���	+ interp ���g47~�� vH��+$25+�254��7+��}����2547�¡�74$�	�.w��$�.��4��r��+	~"�x�$�74$���.6 n y 2�+¡v��.���5��+��+	~"�x�$�74$���.6
xi y i = 0, . . . , n y *7+�z�25+r+$��2"��v�254,z  �+ yi y i = 0, . . . , n y 2�4¡4��74,� 4r�$+r�.��4.�	4 � ���"�5z	2547�.6v�����2"�3�	�xv�2�056

ai

2547�r�74$���$w��$�.��47�r�7+.~"�x�.��4.�	�	6¤���	vH�5zH2547��+$� � 4�~�� �¢�	47�m�747��-��	�¢�$*,��7+.~"+.���$�"wi/t u`v 2xw
f(x) =

1

1 + x2
, −5 ≤ x ≤ 5.

' s >
¥g~"�.v}z���4	�74,z��.v�2��r254¦�$�74���~"� � ~"+.���	+ interp � z�+��$+§�$�74$��4 � � v��32��d254§�74$���$w��$�.��4¨��+	~"�x�$�74$���.6 p ∈ P10 y �747���+	~"�x�$�7�$�	�	�325+�z7v 2�z 6g2�z���0x6

f(xi)
v�25+�vH�	�	�5�{+

xi y i = 0, 1, . . . , 10 y �3���76¡©3ªS©�«�¬3ªX©®H¯}©5°r-�z�+.���x~�z vH��4���2547�§± ²®³ y ³"´µ/t u`v 2xw
zi y i = 0, 1, . . . , 200 y z v�+$�70x �4$�"2�+vH�	�	����+�2547�d-�z�+.v�2��	�	+.25476± ²¶³ y ³�´·/ £ ��4.�	4 � � v�2���2�z 6`2�z���0x6�2547��74$���$w��$��²�	47���7+.~"�x�.��4.�	�.6

p10(zi)
*,+	z}+.��4	�}�.*,�x�.v�2��gvH�90¸�$+�+.~" ���� 4b�	�����$47��+

lagran.dat y v��d-"�	4bv 2"�$���x6 y 2"z 6�2�z��	056
zi y p10(zi) y i = 0, 1, . . . , 200
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s
��|}�.v}z *,�m*,���,z *,�

spline
'
s′′(α) = s′′(β) = 0

> y �747�m�7+.~"�x�.���$�	�	�32�+	z	v 2�z 6g2�z��	0562"�.6 f
v 25+�vH�.���5��+

xi y
i = 0, 1, . . . , n y �¸�$�76-�z�+	v 2"�.��+$25476 [α, β]

/1¹
s
vH�i*,�$�}�i�$�747-�z��.v�2��	�	+

[xi, xi+1] y i = 0, 1, . . . , n− 1 y ��� �$+	z70¸�$+*,���7z�*7���74$���$���$�.��4��74����	��47~����$+�254 � ~"�.º�wOv�2�����47~�|}�

s(x) = yi + bi(x − xi) + ci(x − xi)
2 + di(x − xi)

3, xi ≤ x ≤ xi+1.

(i��4»-"z{+.���x~�z v��	�76
α = x0 < x1 < . . . < xn−1 < xn = β

�5� ��+�z�©3ªX©�«¼¬3ªS©®�¯¢©"½ y 2"�$2"��47zSv�����2��x�	�xv�2�0x6�2�4��*,���7z�*747���74$���$w��$�.��47�dv��i*,���¢�i�$�74�-�z��	v 2"�.��+ y bi, ci, di y i = 0, 1, . . . , n− 1 y �$�74$�	4 � ���"4���25+�z.+.���r2547�.6i2"�$�747�.6

bi =
yi+1 − yi

h
− h (σi+1 + 2 σi),

ci = 3σi,

di =
σi+1 − σi

h
,



����47�¡25+
σi
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*,+	z
h =

β − α

n
y ∆i :=

yi+1 − yi

xi+1 − xi

y i = 0, 1, . . . , n − 1
/

�Xz�+��$+��	�	vH�32"�§254 � ~"+.����z�*7�Nv��.v 2"�.��+¿'·8.>�*,+�zi032"v�zE�$+��.��4.�	4 � � v��32"�f2�4��	6�vH�$��2��3���xv 2"0x6 bi, ci, di y i =

0, 1, . . . , n − 1 y �.�747~"�5� 2��g�$+� �~"�.v}z��	4��74,z��.v��32��d254f�$�74���~"� � ~�+	�	��+ choltrd 2"�.6�u`~ � /¤t (gv�*,�.v��.6m8 y +.|}47��*7+�z�x-��À4��7� �$+.*7+	6r�5� ��+�z 2"~�z�-�z�+ � ���$z 476 y v��.���	�x2�~�z *,�76$/�Á�2��§vH�$�$0x ��5z�+ � z�+b�$+§�$�74$�	4 � � vH�32"��2"���b2�z����b2"�.6¡*,���,z *,�.6
spline

v��9*,�$�74,z�+�2"z{�	�
z ∈ [a, b]

�	�74�~"�5� 2"�d�$+b �~"�.v}z���4	�74,z��.v��32"��2��fvH���$�	~�2"�.v��
SEVAL

'Â���H/dvH�3��/9=$Ã"<7Ã	Ã¡2547�
�7z ����� 47��Ä

G. Forsythe, M. Malcolm, C. Moler y (~�z �}���$2�z *,0x6��	0¸�¢47-�4,z *7+�z¢�7~�4 � ~"�.���	+.25+ � z{+f��+��¢�.��+$2�z *,4��	6�$�74$��4 � z vH��47�.6 y�Å / u�/ Æ�/ y 8.:.:	:�/�> y ���$+ � ~"�	º��32"�9*,�$�74,z�+�-�z *,�bv�+.6�vH���$�	~�2"�.v����747���$+b�3*72"�3�	���}2"z 6r-�z�+	-�z *,+.v��{�x6��47�f*,���$�5z��
SEVAL

/�'¾Ç¡�.�	+.-"�f-��5-�47��0¸��w��b2xw��b-�z�+$���	vH���$2xw��
b, c, d

�$+f�3*72"�3�	����-"�.+.-�z *,��+$�$+.�"�$2"�.v�� � z�+b�$+�¸��254��7� v��5z	254��.��47-�z��	v 2"�.��+dv�254¡4	�74,� 4r+��$�.*7��z	�m2"z����
z
*,+�z7v 2"�mvH�$��05 ��5z�+d�$+m�.��4.�	4 � ���"�5z$2"����2�z��	��2�4��m*7�$�7z *,47���4.�	�.w����	�	47�¡�	�dvH H�.��+

Horner
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��~"�.º�2"�¦0¸�$+È��~"� � ~�+	�	��+»��47�»�$+A�$��4���4,z��5�`25+»�7+.~"+$�7����wÉ*7+�z` H~��	v�z���4���4,z��	v 2"�¨254 � z{+»��+A�.��4.�	4 � � vH�32"��2"���2"z{�	��2"�.6�*,�$�7z *,�.6
spline s(zi)

vH�m8.: s z vH+.��0x H4���25+�vH�	�	�5�{+
zi

2547��-"z{+.v 2"�.��+$2�4�6�± ²¶³ y ³�´ � z�+�2"��vH�$�$�.~�2��	vH�§' s >3/(��74	�}�$*,�x�	v 2"�gv��g03��+�+	~" ��5� 4��	���$��47��+
spline.dat y vH��-"�.4�v�2��.�	�x6 y 2"z 6d2�z��	056 zi y s(zi) y i = 0, 1, . . . , 200
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Ê /ÁE ��x-�z��	v 2"�bv 2�4È�{-"z 4Av� ��.��+�25+&+$�74$2"�3�	05vH��+$25+§2xw���u�~�w�2"�.���$25w�� s *,+	z`8 y *,+��}�16b*,+	z�2��$�ËvH���$�	~�2"�.v���' s >3/

(�.2��f�.�747~����,�$+ � � �$�5z}�x�.*74.�	+��	�g2��¡�747���}��z�+m2547� gnuplot Ä
$ gnuplot

> set title ’Ovoma kai arithmos mntrwou’

> plot ’lagran.dat’ w l, ’spline.dat’ w l

> replot 1/(1+x*x)

> set term post

> set output ’figure.ps’

> replot

> quit�i�$���1v 2"�d254�+.~" ���� 4
figure.ps

/
')Ì¦�747~"�5� 2���$+¡-"�5� 2"�2�4�+.~" ��5� 4�+	�$2"� y ��~"4$2�4���254��x*�2"�$���1vH�x2�� y ���g2��$�¡�¸��254.�	� gv figure.ps
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¹V�xÒ"0325+	vH�¡2"�.69�.vH*,�.vH�	6g�}+ � � �$�5z�2"�����¸��-"47���.-"+ s ³	Ó s Ó.8$:.:7=�< s�Ô Ó s Ó�8.:$:�=vH���1~"+��74��¡�¢+�+��$+$*,4,z ��w��}���H+	~ � �.²2��5~�+H/

•
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